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energy (sonic) regime the system supports the formation and propagation of solitary
waves which exhibit sech? shape and (ii) in the high-energy (ultrasonic) regime the
system supports atomic-scale localization. Such peculiar features found in periodic
Keyword.s: arrays of tensegrity structures suggest their use for the creation of new composite
Tensegrity structures materials (here called “tensegrity materials”) of potential interest for applications in
Solitary waves impact absorption, energy localization and in new acoustic devices.
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upersonic regime

Atomic-scale localization

1. Introduction

Tensegrity structures attract the interest of researchers working in many different areas, including engineering, mathe-
matics, architecture, biology, and have also inspired beautiful sculptures and artworks (Lalvani, 1996). Such structures consist
of spatial assemblies of rigid compressive members (bars) and deformable (prestressed) tensile elements (strings or cables),
which typically feature geometrically nonlinear mechanical behavior. Tensegrity networks have been employed as model
systems in a large variety of form-finding and dynamical control problems of engineering and architecture (refer, e.g., to You
and Pellegrino, 1996; Skelton and Sultan, 2003; Tilbert and Pellegrino, 2003; Motro, 2003; Mask et al., 2006; Sterk, 2006; Zhang
et al., 2006; Skelton and de Oliveira, 2010, and references therein). It has been shown in Skelton and de Oliveira (2010) that
such structures can form minimal mass systems for given loads, through assemblies of repetitive units forming beautiful
‘tensegrity fractals’. The mechanical response of tensegrity structures relies on the basic laws of attraction and repulsion
between mass particles and can be suitably adjusted by playing with basic variables, such as mass positions, topology of
connections, size, material and prestress of tensile members. It has been recognized in recent years that they well describe the
mechanics of a number of biological structures, such as cell cytoskeletons (Ingber, 1998; Wang et al., 2001; Canadas et al.,
2002; Mofrad and Kamm, 2006), the red blood cell membrane (Vera et al., 2005), spider fibers (Termonia, 1994), the muscle-
bone systems (Ekeberg and Pearson, 2005; Harischandra and Ekeberg, 2008), among others. The tensegrity concept has been
employed in space antennas and structures; lightweight and deployable structures; and ‘smart’ (controllable) systems (refer,
e.g., to Skelton and de Oliveira, 2010 and references therein). It is worth noting that a tensegrity structure can be designed
optimally strong and stiff, through suitable adjustment of the prestress in the tensile members. Each member, on the other
hand, can serve as a sensor or actuator, if proper control systems are implemented (Skelton, 2002).
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In the present work, we examine a novel application of tensegrity structures, exploring their use as networks supporting
energy transport through solitary waves. We show that the elastic potential of a ‘regular minimal tensegrity prism’ (Skelton and
de Oliveira, 2010) belongs to the class of nonlinear potentials analyzed in Friesecke and Matthies (2002), which characterize
lattices supporting solitary waves with profile dependent on the wave speed. We focus our attention on the symmetrical axial
loading of such a system, in order to investigate its highly nonlinear dynamic response within a simple and effective one-
dimensional framework. We specifically investigate the waveform of compression waves traveling through chains of tensegrity
prisms, showing that the profile of these waves localizes on a single lattice spacing (i.e., on a single prism) in the limit of the
wave speed tending to infinity. This feature of tensegrity structures has not yet been investigated in the literature, and could
pave the way to the use of ‘tensegrity lattices’ (or ‘crystals’) as novel materials to control stress propagation and produce energy
trapping (cf., e.g., Fraternali et al., 2010a, 2010b; Daraio et al., 2006 and references therein); innovative tendon- and strut-
controlled structures for seismic applications (Skelton, 2002); as well as in novel acoustic devices, in order to create acoustic
lenses capable of focusing pressure waves in very compact regions in space (Spadoni and Daraio, 2010).

The paper is organized as follows. We retrace in Section 2 the derivation of the elastic potential of a tensegrity prism
(Oppenheim and Williams, 2000), highlighting some features of such a potential that are essential for the subsequent wave
analysis. We then develop a numerical study about the profiles of waves traveling through an exemplary tensegrity lattice,
considering wave velocities ranging from sonic to supersonic values (Section 3). We show in the same section that the
tensegrity prism potential matches the regularity conditions introduced in Friesecke and Pego (1999) and Friesecke and
Matthies (2002) to prove existence and basic properties of solitary waves in lattices. We end in Section 4 with a summary
of the main conclusions of the present work.

2. Elastic potential of an axially loaded tensegrity prism

Let us consider a regular minimal tensegrity prism according to the definition provided in Skelton and de Oliveira (2010).
Such a structure consists of two parallel equilateral triangles (end faces), three deformable cross-strings (or cables) and
three rigid bars (Fig. 1 (left)). We assume that the end faces are rigid, due to the inextensiblity of the terminal strings and/
or the presence of stiff disks at the extremities. In addition, we suppose that the prism is loaded by symmetric axial forces
about the longitudinal. Under such assumptions, it can be shown that the prism has a single degree of freedom, which may
consist of either the relative twist angle ¢ about the longitudinal axis, or the relative axial displacement r between the end
faces (Oppenheim and Williams, 2000).

The constitutive equations of a regular minimal tensegrity prism have been derived in Oppenheim and Williams (2000).
We retrace their derivation, in order to highlight some peculiar features of the associated elastic potential. Without loss of

S

bar length: L =0.18 m

distance between centroids and vertices

of end faces: a =0.07 m

cross-string stiffness: k& = 4.6417 x 10* N/m
cross-string prestrain (tensegrity placement): p
mass of bars and strings: 6.32 g

mass of a polycarbonate disc: 29.02 g

total mass of a single unit: m =35.34 g

Fig. 1. Illustration of a tensegrity prism (left) and a tensegrity chain (right).
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generality, we refer our numerical analysis to the physical model shown in Fig. 1 (left), where the strings are nylon wires of
6 mm diameter; the bars are pultruded carbon tubes (outer diameter: 4 mm; inner diameter: 2.54 mm) with length
L=0.18 m; the distance a between the centroid and the vertices of the end triangles is equal to 0.07 m; the terminal
masses consist of polycarbonate disks with 14 cm diameter and 1.57 mm thickness; and the total mass of a single unit
(three bars, three cross-springs, six terminal strings and one polycarbonate disk) is equal to 35.34 g.

On assuming that the end faces are rotated relative to each other by an arbitrary twist angle ¢, and enforcing the fixed
length constraint for the bars, we are led to the following kinematical relationship between ¢ and the prism height h:

h=1/L*-2a?(1—cos ¢) (1)

which, once inverted, gives
2 12
¢ = arccos <1 - %) 2)

As shown in Oppenheim and Williams (2000), the lower bound of ¢ is —7/3 (cross-strings touching each other), while
the upper bound of the same quantity is 7 (legs touching each other). Accordingly, the prism height ranges between the
following bounds:

hlb =V 1? —4a2, hub =L 3)

with hy, corresponding to ¢ = 7w, and hy;, corresponding to ¢ = 0. It is easily verified (Oppenheim and Williams, 2000) that
the cross-string length 4 is related to ¢ and h through

2 2 2 2
/"L:\/L2—|—3f12 cos p—~/3a2 sin ¢ = ‘/Tj a2 (6—«/§\/_(h —I*)(4a2 +h*-L )) L3 h_[2 4)

a4

We now compute the elastic potential U of the prism by summing up the potential energies of the cross-strings. Since
the latter are given by k/2(J—/y)?, where k is the stiffness and Ay is the natural length (length at zero stress) of such
elements, we obtain

= 3k(7—In)? ®)

The substitution of (4) onto the right-hand side of (5) leads us to the law relating U with h (or ¢), which is clearly
strongly nonlinear. The axial force F vs h relationship is then obtained as

du ) d
where
d. h V3Q2a? +h*-1?)

3+

dh = 22 @24/ PLPyac s v 12)
VL LR

The equilibrium configurations of the prism correspond to F=0 and it is possible to show that the unique minimum of U
is achieved for ¢ = ¢, =5/67 (150°), within the feasible range of ¢, assuming that the strings are in tension (such a stable
equilibrium configuration will be hereafter referred to as tensegrity placement, cf. Oppenheim and Williams, 2000). The
twist angle 5/67 corresponds with the following equilibrium values of the height and cross-string length:

/Lz—(2+f)a2 —/[2-2V3a2 (8)

respectively. The prestrain p of the cross-strings at the tensegrity placement is given by

Ao—AN
AN

)

p= )

and is assumed to be positive, as we already noticed. Setting up the tensegrity placement as reference, we define the
relative axial displacement r between the end faces as follows:

r=h—hg (10)
with r e (r,r.), Where 1y, = hy,—hg <0, and r,, = h,,—ho > 0. We also introduce the following axial strain:

_ho—h
=

amn
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which is positive when the prism is shortened with respect to the tensegrity placement (r <0). We refer to the upper
bound of ¢, i.e. the quantity

ho—h
&lim = Oho U (12)

as the limit strain of the prism.
The laws relating U and F with r and ¢ are obtained by making use of (10) and (11) into (5) and (6), respectively. For
what concerns the U vs r law, we in particular obtain

3 \/ 3(ho +1)%—L% +a2(6—+/3¢(r)) Jo
U(r):zk{ 7 “Tip (13)
where
2 2 2 2
)= wL —(hg+1) ][4zi+(h0+r) —L] (14)

It is not difficult to realize that the U vs h,r,¢ and F vs h,r,¢ relationships show vertical asymptotes for h = hy,,r =}, and
& = &, respectively. Such a ‘locking’ behavior in compression is characteristic of lattices supporting solitary waves
featuring atomic-scale localization in the high-energy limit (Friesecke and Matthies, 2002). The locking behavior is typical,
e.g., of Lennard-Jones potentials, which exhibit a minimum point at a given equilibrium distance d > 0 and blow-up as the
distance between neighbor masses tends to zero. It is easily recognized that the locking displacement d of the tensegrity
prism (measured from the tensegrity placement) is equal to —ry,.

Fig. 2 illustrates the locking behavior of the tensegrity potential

V() =U@)—-Uy (15)

U-Uy
Uy

p=30%
wl
p=10% !
30

p=2%

—-0.004 -0.002 0.002 0.004
Fd
Uy

50

0.002 0.004

p:Z% L
—-100

p=10%

p=30%

-150 -

Fig. 2. Normalized V vs r (top) and F vs r (bottom) relationships characterizing the tensegrity prism shown in Fig. 1 (left), for different values of the
cross-string prestrain p.
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which characterizes the prism shown in Fig. 1 (left), for different values of the cross-string prestrain p (d =5.66 x 107> m;
eim = 4.77%). Here, Uy denotes the potential energy of the tensegrity placement, which is not zero due to the prestress of
the tensile members.

3. Analysis of solitary waves traveling on tensegrity chains

It has been shown in Friesecke and Pego (1999) and Friesecke and Matthies (2002) that one-dimensional lattices endowed
with suitable nonlinear interaction potentials (like, e.g., Lennard—Jones potentials of the form Vy(r)=c((r+ dym—d™?,
cf. Friesecke and Matthies, 2002) are traversed by solitary waves with profile dependent on the ratio between the wave speed
c and the sound speed c;. In particular, the potentials examined in Friesecke and Matthies (2002) support atomic-scale
localization of solitary waves in the high-energy limit, and feature the following regularity conditions:

e (H1) minimum at zero: V e C3(—d,00),V > 0,V(0) =0,V"(0) > 0;
e (H2) growth: V(r) > co(r+d)~ !, for some ¢y > 0 and all r close to —d;
e (H3) hardening: V"' (r) <0 in (-d,0], V(r) < V(=) in (0,d).

For c = c5, the continuum limits of the strain waves traveling on lattices endowed with such potentials have a small-
amplitude profile of the form &.(x) =&, (x)+0(y*) (Friesecke and Pego, 1999), where x is a coordinate centered at the
wave peak, and it results

2
. __a (7 X
E o2 (X) = b (2 sech (2 h0)> (16)
with
P =24 C;CS . a=V’(0), b=V"(0) 17)
S
V(0
cs=hg n(l ) (18)

ho denoting the lattice spacing. Differently, for ¢ > ¢, (that is, c— c0), the strain waves tend to assume a piecewise linear
profile e,.(x), which is concentrated on a single lattice spacing and defined as follows (Friesecke and Matthies, 2002):

0 if X/hoﬁ—l
exo(x) =< d/ho (1—|x/hg|) if x/ho €[-1,1] (19)
0 if X/ho >1

It is not difficult to show that the tensegrity potential (15) matches the above conditions (H1) and (H2). In particular,
the condition of minimum at zero (H1) is a consequence of our choice of the tensegrity placement as reference, while the
growth condition (H2) follows from the vertical asymptote of the tensegrity potential V(r) at r=ry, =—d (Fig. 2).
Concerning the hardening condition (H3), (Friesecke and Matthies, 2002) observe that such a property is verified if it
results in V”(r) <0 in (—d,d]. Numerical computations show that the latter condition is matched by the tensegrity
potentials analyzed in the present study.

We numerically investigate the dynamics of chains of 300 tensegrity prisms featuring the properties shown in Fig. 1
(cs=147.5 m/s), by analyzing the strain waves &gps that are produced by the impact of an external striker of mass m;=28 g
with the chain. We numerically determine the speed, amplitude and profile of &5 at the steady state, employing a

1.0 F

0.8 |

o
)

[ Etens”(x,
€lim

0.4 H

0.2

0.0

Fig. 3. Ratio between the L™ norm of the strain wave amplitude in tensegrity chains (Il&ens/l~) and the limit strain ¢, as a function of the ratio between
the wave speed c and the sound speed c..
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fourth-order Runge-Kutta integration scheme (Fraternali et al., 2010b) to solve the Newton equations of motion of the
different masses forming the system. The chain is described as a mass-spring system, by lumping the prisms’ masses
(largely due to the terminal polycarbonate disks, cf. Fig. 1) at the end faces, and modeling the prisms as nonlinear elastic
springs governed by potential (15). We consider a prestrain p=2% of the cross-strings, and adopt a time-integration step
equal to 1078 s. We generate waves with different speeds by prescribing different impact velocities to the striker.

Fig. 3 shows the numerical correlation that we obtain between the L™ norm (ll&enslle) Of &wens (i.e., the essential

supremum of |€gens

the limit strain g, for c— oo, with llgeenslle > 0.99 g, for ¢ > 3.4c;.
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, refer, e.g., to Adams, 1975) and the wave speed c. It is seen that llgensllo, asymptotically converges to

—— €y
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Fig. 4. Strain wave profiles in tensegrity chains (&cens; black solid lines) for different wave speeds, in comparison with theoretical sonic (¢, ; blue dotted
lines) and supersonic (¢; red dashed lines) profiles. (For interpretation of the references to color in this figure legend, the reader is referred to the web

version of this article.)
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The profiles &qns(x) corresponding to different wave speeds c are illustrated in Fig. 4. Such a figure highlights that the
&,y Drofile (16) always features an amplitude larger than égns, over the entire window ¢ € [1.05, 12.16]c;. In particular, we
observe a good match between &, > and &gns for ¢ = 1.05¢;, and, on the contrary, marked deviations between such profiles
for c > 1.16¢;. The results in Fig. 4 also reveal that &qns(x) is localized on about seven prisms for ¢ = 1.05c;s; five prisms for
c=1.16¢s; and three prisms for ¢ =2.24c¢; and ¢ =3.39¢c;. When ¢ =7.19¢; and c = 12.16c¢;, we instead observe that the
values of &qns(X) at x = + hg are negligible compared to &qns(0), which implies the localization of &qps on a single prism. In
particular, &q.ns(x) practically coincides with the supersonic profile (19) for c =12.16c¢;.

4. Concluding remarks

We have discussed a novel application of tensegrity structures as devices supporting energy transport through solitary
waves. We have proved that the elastic potential of a regular minimal tensegrity prism subject to symmetric axial loading
(Oppenheim and Williams, 2000) matches the regularity conditions required by the analysis presented in Friesecke and
Pego (1999) and Friesecke and Matthies (2002) to prove the existence of solitary waves on lattices. We have also
numerically shown that solitary waves traveling through a model tensegrity lattice approximatively span blocks of 5-7
prisms, when the wave speed c is almost equal to the speed of sound c;. In the same (‘sonic’) regime, the wave profile
approximatively exhibits a sech® shape. The wave width progressively shrinks for increasing values of c, leading to a
piecewise linear wave profile featuring ‘atomic-scale localization’ of the wave (that is, localization on a single prism) for
c—oo. The above features of tensegrity lattices can be suitably tuned by playing with mass, stiffness, prestress and
geometrical properties, with the aim of performing desired wave localization for prescribed wave speed ranges. Such
systems could be usefully exploited to design innovative ‘tensegrity crystals’ suitable for application in stress mitigation
and redirection; controllable structures for seismic applications; as well as in acoustic systems and devices. In future work,
we intend to explore the dynamics of tensegrity lattices under asymmetric loading, as well as the 3D dynamic response of
tensegrity networks of arbitrary shape.
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