This manuscript was accepted by Appl. Phys. Lett. Click here to see the version of record.

AIEPnd sap widening by disorder in rainbow metamaterials

. N ») + 1,2 2 . . 9
PUblIShIng aolo Celli,*"* Behrooz Yousefzadeh,# Chiara Daraio,” and Stefano Gonella

1,a)

Y Department of Ciwil, Environmental, and Geo- Engineering, University of Minnesota,

Minneapolis, MN 55455, USA

2) Division of Engineering and Applied Science, California Institute of Technology,

Pasadena, CA 91125, USA
(Dated: 18 January 2019)

Stubbed plates, i.e., thin elastic sheets endowed with pillar-like resonators, display subwavelength, locally-
resonant bandgaps that are primarily controlled by the intrinsic resorz‘{ce properties of the pillars. In
e

this work, we experimentally study the bandgap response of a tunable
reconfigurable families of pillars. We demonstrate that, under cert
of resonant frequencies of the pillars and their spatial arrangement
the system. Specifically, both spatially graded and disordered amrang
Moreover, the spectral range over which attenuation is achieved with ran

ogeneous plate endowed with
in~gircumstances, both the spectrum
ﬂ@ce the filtering characteristics of
ents result in bandgap widening.
m arrangements is on average

wider than the one observed with graded configurations.
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Due to their peculiar mesoscale architectures, metama-
terials are capable of manipulating waves in the subwave-
length regime! %—when the wavelengths are much larger

than the characteristic microstructural length scales of

the medium. These phenomena are typically achieved

require the coexistence of heterogeneous populations o
resonators with different spectral characteristics.

ample, subwavelength waveguiding has been a
frequency upshifting selected resonators along

via homogeneous arrays of resonators, but some effa\t\s\

T}esljred
waveguide path*"®, and topological effects ha een«

observed in systems comprising hexagonal Loemnents
of different resonator types'®!!. Similaply. ralabow, trap-
ping requires arrays of resonators with charac-
teristics, where each type of resonator distills a selected
frequency from a broadband input 11219 Hetero-

of freedom for

ment of the resonating uni

spatial arrangement has any“nfluence on the wave con-
trol capabilities of the s{\ mre 'reZmderstanding how
neighboring resonators rex%%l:d y the wave-carrying
substrate medium. Af su¢h influence is indeed observed,
it is of practical interest 40 determine which spatial con-
i desired effect.

wedstudy the effects of the spatial ar-
sor)étors on the bandgap character-

heterogeneously-tuned resonators display
ndgaps than their homogeneous counterparts'?.
ur aim is to highlight the role played by the com-
pliance of the wave-carrying medium in controlling the
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FIG. 1. Experimental setup (top). The bottom images il-
lustrate two configurations achievable through different selec-
tions and arrangements of the six pillar types shown on the
right (T to M5), obtained by sliding the conical brick down
the rod by discrete increments.

bandgap response. When the plate is significantly more
compliant than the pillars, the wave transmission char-
acteristics become more sensitive to the spatial arrange-
ment of the resonators. Thus, even heterogeneous ar-
rangements that differ from each other solely in terms of
their spatial characteristics result in appreciably different
bandgap responses. Specifically, we intend to show that
random arrangements systematically widen the bandgaps
with respect to nominally similar graded configurations.

In order to achieve the versatility required to test mul-
tiple architectures within a single reconfigurable speci-
men, we design a modular?*3! stubbed plate with tun-
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FIG. 2. (a,b) Experimentally-reconstructed dispersion relati

baseplate and of the baseplate with 5x12 identical M1 pillars, r

at the centerline of the strip for frequencies below, inside,
pillars, matching the six types color-coded in Fig. 1.

S (R @W‘(}VC number along the z-direction) of the bare
ectigely. (c) Deformed shapes for the (b) case, measured
he gap. (d) Transmissibilities of specimens of identical

\

able resonators. We arrange arrays of LEG

on a thin baseplate strip (Fig. 1), following in
paradigm that we previously introduced for hfomogenéous«
locally-resonant phononic crystals?®. The imeny fea-

e lat-
esonator

tures 12x5 pillars arranged accordinggto a
tice in the central section of the strip.

shown at the bottom-right of Fi
the conical tip down the rod

inertial characteristics of

ral frequencies, and is ?ﬁce u

an
ilar to strategies

Iy si
discussed by other aut agdg bandgap tunabil-
32-34

s for
ity . Two examples of different’ pillar arrangements
are shown at the bo o@f Fig:“l. The plates are excited
with a pseudora waveform prescribed by a shaker

to establish sta
spectrum of fr

, their out-of-plane response
Sﬁnning Laser Doppler Vibrome-

in the Supplementary Material (SM) section.

oducing arrays of pillars is to open
bandgaps in the phonon band structure.
en comparing the dispersion relation (re-
from experimental data) of the bare base-
features a single flexural mode in the range
of interest, against that of the baseplate with all pillars
of the M1 type, where the mode is split and a hybridiza-
tion gap arises between 242 and 311 Hz (Fig. 2a,b). Here
the dotted lines that follow the dispersion branches are
obtained by tracking the maxima of the spectral ampli-

®§\
g

tude (the underlying grayscale colormap). More details
on the band diagram reconstruction are given in the SM.
The flexural deflection shapes recorded along the strip’s
centerline (Fig. 2c¢) reveal some peculiar aspects of the
physical mechanisms responsible for this gap. These ob-
servations are crucial to properly interpret the results
discussed in the rest of this work. It can be noticed that,
at the onset of the gap, the region of the plate below
the pillars undergoes flexural deformation, whose ampli-
tude is not negligible with respect to the maximum plate
deflection and with respect to the motion of the pillars.
This suggests that, in our system, what effectively res-
onates are not the pillars taken as stand-alone beam-like
structural elements forced at their base (as in other works
featuring similar platforms26:3%), but rather the whole
unit cell comprising plate and pillar. In particular, each
pillar’s main contribution is to add rotatory inertia to
one resonating unit. We conjecture that this resonant
behavior is due to the specific landscape of mechanical
properties in our specimen, where the plate has low rela-
tive stiffness with respect to the pillars, which establishes
strong coupling between neighboring pillars through the
plate substrate. For completeness, we analyzed the re-
sponse of different uniform configurations, each featuring
one of all the possible resonator types. The measured
transmissibilities indicate a trend of shifted and partially
overlapping bandgaps (Fig. 2d). As the tip mass is slid
down the pillars and their effective inertia is decreased,
the onsets of the bandgaps shift towards higher frequen-
cies (see dispersion curves in the SM section).

Locally resonant bandgaps are usually narrow and
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‘ s ItJPfor ' impractical to design mechanical filters that are
.eliective against broadband excitations. This limitation

1
Pu b“lS:h |i'ﬂg) red numerous widening strategies, among which

we recall trampoline effects®®, rainbow trapping!®37,

bandgap adjoining®®3?, and disorder-based methods in-
volving Anderson localization phenomena®®42. Here, we
investigate the behavior of heterogeneous populations
of resonators with emphasis on the dependence of the
bandgap width upon the spatial arrangement of the res-
onators. To this end, we compare the performance of
three classes of configurations: i) uniform arrangements,
ii) graded arrangements of heterogeneous resonators, and
iii) random populations of heterogeneous resonators. The
measured transmissibilities of a few representative config-
urations are shown in Fig. 3. In each subfigure, the thick
black line represents the transmissibility for the arrange-
ment shown in the corresponding inset; all the configura-
tions feature 10 resonators of each type—T, M1, M2, M3,
M4, M5 denoted by the color coding introduced in Fig. 1.
The results for two graded architectures with different
gradient patterns (the pattern in Fig. 3a, called graded
A and the one in Fig. 3b, labeled graded B) clearly high-
light a widening of the bandgap with respect to their
monochromatic counterparts. In both cases, the tot

bandgap spans the frequency interval encompassing the
individual gaps of three monochromatic configurationss
This result is a manifestation of the rainbow trappi

effect' 16, Interestingly, we observe that the
configuration produces a wider and deeper ga
graded B one, suggesting that the perform:
architectures is influenced by the period
arrangement.

the bandgap is wider than its gtaded and homogeneous
counterparts—stretching hereoverghe frequency interval
spanned by five individual pandgaps: e reliability of
this observation is confirme averaging three random
realizations (Fig. 3d, bl ' h«?:é experimental re-
sults (later corroborated by mumerical results) lead to the
conclusion that randomization eauses attenuation over a
wider frequency r, , btit this comes at the expense of
the attenuationAmplitude, which decreases with respect
to the graded
in non-reso a_g_l:c‘

ntiate @ur experimental findings, and to ex-
‘tnes§ of these results against variations in
f plate and pillars, we perform finite
simu?tions, carried out in Abaqus/Standard.
is discretized using 3D shell elements. The
modeled as Timoshenko beams that are as-
e perfectly anchored to the plate at a sin-
The conical sliding tip is assumed to be a
point mass. The numerical model captures all the im-
portant qualitative features of the experimental results,
albeit without matching quantitatively the frequencies of
the experimental bandgaps. For example, the dispersion
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FIG. 3. Influence of the spatial arrangement of resonators
on wave attenuation. The resonators are divided into six
groups of ten units each, implementing the six configurations
shown in Fig. 1. (a-b) Transmissibilities for graded config-
urations (the pattern in (a) is called graded A and the one
in (b) graded B) and (c) spatially randomized configurations,
marked by thick black lines; thin color-coded lines refer to
monochromatic configurations. (d) Comparison of bandgaps
for uniform, graded and random (3 averages) configurations.

relation and the transmissibility curve (dashed gray lines
and orange line in Fig. 4a, respectively) for the M1 ho-
mogeneous configuration feature trends that closely re-
semble the experimental results in Fig. 2b,d. The deflec-
tion shape at the onset of the bandgap (inset in Fig. 4a)
highlights that the resonance is characterized by an un-
dulatory motion of the plate, also consistent with the
experiments (Fig. 2¢). An advantage of numerical simu-
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issibility (orange line) for the
We consider everything
below the
bandgap.

(average of 150 realizations) configura-
area is the standard deviation of the black
dgap width as a function of the plate ratio
e increment by which the mass is slid down
), respectively. Default values are dh = 3.25

lations is that we can compare a significantly larger set
of realizations of the disordered metamaterial to infer the

statistical behavior of the ensemble. Fig. 4b shows the
average transmissibility curve obtained by averaging 150
disordered realizations. These results corroborate the
previous conclusion (Fig. 3d) that the locally-resonant
bandgap of the random configuration is on average wider
than the bandgap of the graded configurations. More
detailed comparisons are provided as SM.

We leverage the numerical platform to further explore
the influence of some jkey system parameters on the
bandgap behavior. z articular, we explore the effect
essybetween plate and pillars, ii)

of 1) the relative sti
the spacing betwe
lars. For this par
width, specific

resonance frequencies of the pil-
m study, we focus on the bandgap
ow it compares between the ran-
‘aded configurations. Fig. 4c shows
1e plate (as parameterized by PR, the
e“elastic modulus of the pillar and that

as shift them towards higher frequencies.
t provides further evidence that the plate
sonating unit. Fig. 4d shows the bandgap
th asafunction of §h, which is the increment by which
e conical mass is slid down the pillars (0h was set to the
.25 value in the previous discussion). Increasing

default
m ults in a wider separation between the bandgaps
e six configurations made of uniform pillar arrange-

ments, and therefore widens the total bandgaps for both
the graded and the random configurations**. However, it
is clear that the widening effect is more pronounced for
random configurations. It is nonetheless noted that, al-
though random configurations have the widest bandgap
on average, the widening does not necessarily occur for
all realizations, as evidenced by the standard deviation
(gray shading in Fig. 4b). From this parametric anal-
ysis we conclude that the disorder-induced widening of
bandgap is robust to small changes in structural and ma-
terial properties of the metamaterial, and occurs over a
wider frequency range than the bandgap produced by
grading the resonators.

In conclusion, this work takes advantage of highly-
reconfigurable LEGO®-brick-based stubbed plates to
highlight the potential advantages of mechanical meta-
materials featuring heterogeneous populations of res-
onators as broadband filters and showcases the impor-
tance of the spatial arrangement of the resonators. In
particular, we have realized and tested a tunable elas-
todynamic rainbow trap and we have shown that the
interplay between heterogeneity in the resonators’ char-
acteristics and spatial disorder results in a widening of
the filtering effects compared to the more conventional
spatially-ordered rainbow material concepts.

SUPPLEMENTARY MATERIAL

See supplementary material for a more detailed ac-
count on the experimental setup, the numerical model,
and for additional results.
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