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Abstract8

The sign and strength of interactions between coupled elements govern collective phenomena9

ranging from wave localization to topological phases and frustration. Whereas active systems can10

tune interaction signs through external driving, passive systems are typically limited to fixed11

structures where reversing signs requires changes to lattice connectivity or global symmetry.12

Here we demonstrate, both theoretically and experimentally, that local anisotropy enables con-13

tinuous Hamiltonian sign engineering in central-force elastic lattices. Rotating anisotropic con-14

finement projects interactions onto local degrees of freedom, decomposing the two-dimensional15

dynamics into spectrally separated one-dimensional Hamiltonians with continuously tunable ef-16

fective couplings—from positive to negative—via rotation alone, without altering the force law17

or lattice connectivity. Implemented in a zigzag magnetoelastic lattice, this mechanism enables18

the concurrent emergence of frequency-selective wave frustration and topological band inver-19

sion in a single passive system. These results establish local anisotropy as a general tool for20

Hamiltonian engineering and offer a classical analogue to phonon-mediated interaction design21

in quantum many-body platforms.22
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Introduction23

Interactions between coupled elements govern a wide range of collective phenomena, from wave24

propagation and localization to topological phases [1, 2] and frustration [3, 4]. In engineered lat-25

tices, interaction strength can often be tuned geometrically, enabling nonlocal coupling [5–7], band26

inversion [8], and topological states [9, 10]. In contrast, the sign of the interaction—whether neigh-27

boring elements favor in-phase or out-of-phase motion—is typically fixed by the underlying force28

law. Control over interaction sign is particularly consequential [11], as reversing the coupling sign29

alters dispersion curvature, band ordering, and the emergence of competing interactions underlying30

frustrated many-body states [3, 4, 12, 13].31

The ability to control interaction signs is thus fundamental to the realization of programmable32

synthetic Hamiltonians. Programmable quantum platforms, such as trapped ions [14, 15] and Ry-33

dberg atom arrays [16, 17], achieve this through active modulation and external driving, enabling34

simulation of complex spin models with tunable couplings. In classical systems, however, exist-35

ing approaches to sign control are similarly dependent on active modulation or platform-specific36

mechanisms, including feedback-controlled non-Newtonian metamaterials [18, 19], spatiotempo-37

ral modulation [20], and synthetic gauge-field engineering [21]. Although passive strategies have38

been explored through discrete parity engineering [22], constraint-based mode projection [9, 23],39

and orbital mixing [24], a general passive framework for continuous sign control has not yet been40

established.41

Here we demonstrate local anisotropy as a universal mechanism for Hamiltonian sign engineering42

in central-force elastic lattices. By projecting the longitudinal and transverse components of a cen-43

tral interaction onto rotated local degrees of freedom, we demonstrate that the system’s dynamics44

can be decomposed into spectrally separated, one-dimensional Hamiltonians. Within each reduced45

Hamiltonian, the effective coupling is continuously tunable from positive to negative through a46

simple rotation of the anisotropy axes—requiring no modifications to the underlying force law or47

lattice connectivity. We implement this principle in a magnetoelastic zigzag lattice, revealing that48

the projected Hamiltonian admits a dual description that bridges Su-Schrieffer-Heeger (SSH)-type49

band topology and XY-type phase interactions within the same architecture. Furthermore, we50

experimentally show that this mechanism enables the coexistence of topology and frustration in51

a purely static framework. These results provide a general platform for interaction engineering in52

wave systems and offer a powerful classical analogue to the phonon-mediated Hamiltonian design53

relevant to quantum many-body platforms.54
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Results and discussion55

Sign-tunable Hamiltonians via local anisotropy56

We consider a central-force elastic lattice subject to locally anisotropic confinement, as illustrated57

in Fig. 1(a). The quadratic trapping potential V = 1
2kaa2 + 1

2kbb
2 defines two orthogonal local axes58

(a⃗ ⊥ b⃗) with stiffnesses ka < kb. Rotating this potential by an angle θc yields the local stiffness59

matrix Ki(θc) = R(θc)diag(ka, kb)RT(θc). The total Hamiltonian of the system is expressed as60

H =
∑

i

(
pT

i pi

2m
+ 1

2uT
i Kiui

)
+

∑

⟨i,j⟩
Eij , (1)

where pi and ui are the momentum and displacement vectors at site i, and Eij represents the61

interaction energy between neighboring sites j and i.62

The interaction energy Eij depends entirely on a spatially homogeneous, constant underlying63

connectivity. These bond-based interactions are characterized by longitudinal (k∥) and transverse64

(k⊥) stiffnesses acting parallel and perpendicular to the unit bond vector dij , respectively. Following65

the dynamical matrix formulation for oscillator networks [25], the interaction energy is given by66

Eij = 1
2(ui − uj)TMij(ui − uj), (2)

where Mij = k∥P∥
ij + k⊥P⊥

ij represents the interaction stiffness matrix. Here, the projection opera-67

tors, P∥
ij = dijdT

ij and P⊥
ij = I−dijdT

ij , decompose the displacement differences into their respective68

bond components.69

To achieve continuous Hamiltonian engineering, we exploit the strong-anisotropy limit ka ≪ kb.70

In this regime, the system Hamiltonian decomposes into spectrally separated 1D Hamiltonians71

(H ≈ Ha ⊕ Hb) as the inter-manifold coupling Hab vanishes (Fig. 1(a)). This separation provides72

a classical analogue of Hilbert space reduction via Schrieffer-Wolff transformation [26].73

Projecting the bond interactions onto the local soft axis a⃗ yields the effective 1D coupling for74

the low-frequency manifold Ha (see Method) [27]75

k
(a)
eff (α) = k⊥ + (k∥ − k⊥)(dij · a⃗)2, (3)

where α is the projection angle between the bond direction dij and the soft axis a⃗ (dij · a⃗ = cos α).76

This mechanism enables continuous tuning of k
(a)
eff between k∥ and k⊥ (Fig. 1(b)).77

Such control is inherent to physical systems with nonlinear central forces F (d) = Adp (e.g.,78

dipolar p = −4 or Coulomb p = −2 interactions). Linearizing about a prestressed equilibrium79

d0 yields k∥ = pk⊥, where p < 0 ensures that k∥ and k⊥ possess opposite signs (k⊥ < 0 < k∥).80

Consequently, rotating the anisotropy axis enables absolute sign control over the interaction. As81

demonstrated in a two-mass system (Fig. 1(b), bottom), negative coupling inverts the fundamental82

mode ordering: the antisymmetric mode (fAS) appears at a lower frequency than the in-phase mode83
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(fS), a direct reversal of conventional lattice behavior (Supplementary Note 1, Fig. S1).84

Programmable dispersion and manifold isolation in zigzag lattices85

The robust manifold separation established above allows the lattice to preserve full two-dimensional86

dynamics while operating within spectrally isolated projected subspaces. Figure 2(a) shows the87

dispersion spectrum of an infinite periodic zigzag lattice as a function of the anisotropy angle88

θc. Two distinct mode groups are observed: the lower-frequency a-manifold (Ha) and the higher-89

frequency b-manifold (Hb), separated by a wide spectral gap induced by the high local stiffness90

ratio (kb/ka ≈ 12). To quantify the isolation, we define a mode polarization parameter Pa, where91

Pa = 1 (red) denotes a pure a-manifold mode and Pa = 0 (blue) a pure b-manifold mode. The sharp92

color contrast in Fig. 2(a) confirms negligible cross-manifold mixing, validating the H ≈ Ha ⊕ Hb93

decomposition (Supplementary Note 2, Fig. S2).94

Synthetic interactions within these manifolds are programmed by reconfiguring the local anisotropy95

angle θc, which simultaneously modulates the magnitude and sign of nearest-neighbor (intra and96

inter) and long-range (LR) couplings (Fig. 2(b)). In the zigzag geometry, defined by identical bond97

lengths and an inter-bond angle of θ = π/3, the projection angles are bond-specific (α = θ ± θc or98

θc), inducing inhomogeneous effective stiffnesses. A key feature of this platform is that the effective99

coupling keff for the a-manifold is shifted by 90◦ relative to that of the b-manifold. This orthogo-100

nality allows the same lattice to realize disparate interaction signs and strengths across manifolds,101

such that k
(a)
eff (θc) ̸= k

(b)
eff (θc). Consequently, the lattice can behave as a topological insulator in one102

manifold while remaining a trivial phase in the other.103

Representative configurations (θc = 0, 30, 50, 70, 90◦) are illustrated in Fig. 2(c), enabling the104

diverse combinations of bond signs and strengths accessible within a single lattice. At θc = 0◦,105

the lattice exhibits dominant nonlocal horizontal coupling. Moving toward 70◦, the lattice shows106

dimerization along the zigzag line. Finally, at θc = 90◦, negative long-range interactions emerge.107

As evidenced in the a-manifold dispersion evolution (lower panel), varying θc transitions the system108

through distinct physical regimes (see Supplementary Note 3, Fig. S3). These results demonstrate109

that local anisotropy rotation acts as a control knob for programming the synthetic Hamiltonians110

of elastic metamaterials.111

Frequency-selective wave frustration and topological coexistence112

To demonstrate the power of sign control, we focus on sign-conflict-induced wave frustration, inac-113

cessible in conventional lattices with purely positive couplings. Unlike geometric frustration in static114

systems, where incompatible interactions constrain equilibrium configurations [3, 4], the frustration115

here is inherently dynamical, emerging from wave propagation governed by projection-controlled116

coupling signs. This mechanism is distinct from flat-band physics in kagome lattices [28, 29], where117

phase conflict arises solely from phase accumulation along closed paths rather than intrinsic sign118

incompatibility.119
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As illustrated in Fig. 3, an odd number of negative couplings in a closed loop (Φ < 0) enforces120

incompatible phase relations between neighboring oscillators. At low wavenumber (qLOW), nega-121

tive couplings favor out-of-phase motion while positive couplings favor in-phase motion, producing122

an irresolvable phase loop. At high wavenumber, the phase configuration becomes compatible123

and frustration is relieved. This wavenumber dependence follows from the time-averaged XY-like124

Hamiltonian [30],125

⟨Hcorr
ij ⟩ = −keff(α)AiAj cos(∆ϕ) (4)

where ∆ϕ = ϕi − ϕj − qd includes path-dependent phase accumulation qd. Energy minimization126

requires ∆ϕ = 0 for keff > 0 and ∆ϕ = π for keff < 0, depending on low (qd ≈ 0) or high (qd ≈ π)127

wavenumbers. The phase-correlation interpretation of oscillatory states yields the XY-like picture,128

while the linear eigenvalue problem yields the SSH-type band picture.129

Figure 4(a) shows a frustrated zigzag lattice in a-manifold (Φ < 0) and an ordinary lattice (Φ >130

0). The frustrated lattice is experimentally realized using a magnetoelastic zigzag array [31, 32]131

(Fig. 4(b)), where repulsive magnetic interactions (F = Adp, p ≈ −4.1) provide central-force132

coupling (k⊥ = −4.36 N/m, k∥ = 17.96 N/m) and anisotropic cantilevers introduce strong stiffness133

contrast (kb/ka ≈ 12), ensuring clear manifold separation. For cantilever tilting θc = 90◦, the134

long-range coupling becomes negative (kLR < 0) in the a-manifold, yielding a frustrated loop135

Φ = sign(kinterkintrakLR) < 0.136

Figures 4(c) and 4(d) show theoretical and experimental dispersion relations in the a-manifold.137

The one-dimensional effective-coupling model (Ha) agrees with the full two-dimensional Jacobian-138

matrix model (H), again confirming projection-induced decomposition. A key frustration signa-139

ture is the finite-q band minimum, distinct from roton-like dispersion with positive long-range140

couplings [33], leading to pronounced mode crowding near the band edge where eigenmodes ac-141

cumulate within a narrow frequency band (Fig. 4(c), right panel). We verify this experimentally142

through the mode participation factor Sn (Fig. 4(d), right panel). At f = 27 Hz multiple modes con-143

tribute simultaneously, whereas at f = 34 Hz a single mode dominates. Within the crowding band,144

frustrated mode profiles exhibit oscillatory patterns even for the fundamental mode (Fig. 4(e)),145

reflecting accommodation of competing coupling signs, further confirmed by measured phase differ-146

ences along horizontal bonds that favor π phase separation (Fig. 4(f)). The corresponding real-time147

dynamics are shown in Supplementary Videos 1, 2.148

The frustration in the a-manifold persists for 60◦ < θc < 120◦, but deviating from 90◦ intro-149

duces dimerization (kinter ̸= kintra), triggering a topological transition described by the SSH model.150

This enables the rare coexistence of robust topological edge states and frustration-induced dense151

modes within a single passive lattice (Fig. 5a, b). The two phenomena occupy distinct spectral152

regions within the same projected Hamiltonian Ha. Topological edge modes are localized within153

the dimerization-induced bandgap, governed by |kinter − kintra|, while frustrated modes accumulate154

near the band edge, driven by the sign conflict kLR < 0. At θc = 70◦, a topological bandgap opens,155

hosting localized edge modes (n = 10, 11) that overlap with the frustrated regime (n = 1 − 9).156

Because moderate long-range coupling shifts band-edge modes without closing the topological gap,157
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the two phenomena are spectrally robust against each other. Experimental measurements (Fig. 5c-158

e) show strong energy confinement at the boundary (m = 1), with row polarization (P ) peaking159

within the bandgap, while the frustrated bulk modes remain spectrally distinct and independently160

addressable. The corresponding experimental dynamics corresponding to the topological phases161

are shown in Supplementary Videos 3, 4.162

Broader implications and related platforms163

Our anisotropy-driven projection goes beyond basis transformation, enabling a physical reduction164

of the Hilbert space into spectrally separated Hamiltonians. This framework provides a macro-165

scopic analogue to quantum Hamiltonian engineering. Specifically, our system mimics the phonon-166

mediated interactions of trapped-ion platforms and parallels the geometric programming of frus-167

trated states in Rydberg atom arrays. By establishing this classical–quantum correspondence,168

our work offers a unified perspective for exploring complex physical regimes across programmable169

metamaterials and engineered spin models.170

Beyond classical metamaterials, interaction sign control is a key ingredient in quantum simula-171

tion platforms [34, 35], where interactions are often mediated by collective phononic modes. While172

the present approach based on rotation-controlled anisotropy is not directly transferable to such173

quantum many-body systems, it establishes a passive and static route for shaping effective interac-174

tions at the phonon-mediated level. In this sense, our results offer a classical framework that may175

provide insight into alternative strategies for interaction engineering beyond conventional active176

control schemes. This perspective opens opportunities for programmable wave systems, analog177

simulation [36], and the exploration of engineered excitation landscapes across both classical and178

quantum platforms.179

The coupling-sign engineering demonstrated here extends naturally to other platforms where180

central-force interactions combine with local anisotropic confinement. Dusty plasma crystals on181

two-dimensional substrates [37, 38] are a compelling example, where Yukawa-type inter-particle182

forces provide central-force coupling, and substrate-induced anisotropy could program the sign-183

conflict configurations explored here, with phonon spectra directly accessible through laser-scattering184

diagnostics. Colloidal ice systems [39], where time-dependent external fields modulate particle inter-185

actions on periodic substrates, represent another candidate for engineering dynamical frustration.186

While typically overdamped, the sign-conflict condition Φ < 0 is a geometric constraint on cou-187

pling loops that does not require underdamped dynamics. Active fluids in patterned networks [40]188

may exhibit related self-organized frustrated flow patterns, connecting our classical framework to189

non-equilibrium systems. On the quantum side, qubit spin ice platforms [41] offer an avenue for190

exploring quantum analogues of the frustrated and topological states demonstrated here, given191

their programmable effective spin–spin interactions and the central role of competing interactions192

in their design.193
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Conclusions.194

We have demonstrated that local anisotropy provides a Hamiltonian-level control parameter for195

controlling wave phenomena in lattice systems. By rotating anisotropic confinement, the effective196

interaction in projected local degrees of freedom can be continuously tuned, enabling sign-reversible197

couplings within a fixed lattice. This mechanism generates competing interactions that produce198

wave frustration while simultaneously driving topological band inversion, allowing frustration and199

topology to coexist in a single passive lattice. Furthermore, the strong anisotropy enables the pro-200

jection of spectrally separated manifolds, each accessing disparate coupling regimes, ranging from201

nonlocal horizontal interactions to dimerized topological phases, due to the 90° shift in effective cou-202

pling across manifolds (Supplementary Note 4, Fig. S4; Supplementary Note 5, Fig. S5; Supplemen-203

tary Video 5). This multi-manifold behavior provides a versatile platform for frequency-dependent204

control, where different wave physics can be programmed and manipulated independently within a205

unified lattice structure.206

Importantly, such sign-reversible effective couplings arise generically from central-force power-207

law interactions of the form F (d) = Adp, which, under prestress, produce longitudinal and trans-208

verse stiffness components of opposite sign. These central-force interactions are ubiquitous across209

elastic, electrostatic, and phonon-mediated systems, where the effective exponent p can be engi-210

neered through geometry or confinement. While our physical implementation realizes this mech-211

anism through the geometric tilting of anisotropic cantilevers in an elastic lattice, the requisite212

trapping potentials can be established through a variety of non-contact fields such as optical, elec-213

trostatic, or electromagnetic fields. Although such non-contact fields are not applied to the current214

elastic system, the ubiquity of these central-force interactions across scales suggests that our find-215

ings offer a general strategy for programming synthetic Hamiltonians in platforms ranging from216

phonon-mediated systems to cold-atom arrays.217

Looking ahead, several natural extensions of this work are of interest. Introducing local defects,218

such as a change in anisotropy angle at one or a few sites, would create a tunable potential landscape219

for topologically protected modes, analogous to domain walls in Su-Schrieffer-Heeger chains, en-220

abling spatially addressable localized resonances without modifying the bulk lattice structure. Ex-221

ploring alternative lattice geometries, including honeycomb, kagome, or Lieb configurations within222

the same central-force framework, would provide access to richer topological invariants, multi-band223

frustration, and potentially flat bands with sign-controlled coupling. The inherent 90° orthogonal-224

ity between a- and b-manifold effective couplings further suggests that alternative lattice angles225

and bond configurations can be used to rationally design manifold-specific coupling architectures226

for multi-channel, frequency-selective wave control.227
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Methods228

Device and Experimental Setup229

The movable magnets (A = 2 × 10−9N/mp and p ≈ −4.1) are attached to thin, vertical acrylic cantilevers230

(Elastic modulus E = 3 GPa) with rectangular cross section (a0 = 1.0 mm and b0 = 3.5 mm) and lc = 63231

mm length (Plastruct). The bending stiffnesses are characterized by ka = Ea3
0b0

4l3
c

and kb = Eb3
0a0

4l3
c

. The bases232

of the cantilevers are firmly fixed to a 3D printed plate attached to an optical breadboard. Fixed magnets233

are placed around the movable magnets and are held by a 3D-printed plate, 10 mm thick (Markforged Mark234

Two, Markforged Inc.). The disc magnets (both movable and fixed) are neodymium rare earth permanent235

magnets of N42 grade (Element Magnets Inc., 6.35 mm in diameter and 3.175 mm thick). The experimental236

setup is shown in Supplementary Note 6, Fig. S6. The top surfaces of the movable magnets have tracking237

markers (a black circular line with white core). For observation of dispersion relations, one magnet (m = 1)238

is excited using a mechanical shaker with built-in amplifiers (K2003E01, The Modal Shop) over an excitation239

frequency range of 20-50 Hz, with a 1 Hz interval. The motion of the magnets is captured under flicker-free240

light illumination (Nila Varsa, Tech Imaging Services, Inc.) using a high-speed camera (BFS-U3-04S2C-CS,241

Flir) operating at a frame rate of 200 fps with an exposure time of 100 µs. The mechanical shaker and242

high-speed camera are synchronized by a data acquisition chassis equipped with an output module (50 kS/s,243

National Instruments). The captured images are processed to extract displacements, using digital image244

correlation and point tracking algorithms with GOM Correlate 2020, a commercial software.245

Jacobian-based derivation of the central-force stiffnesses, k⊥ and k∥246

We consider a central force of the form F(r) = F (d)


cos θb

sin θb


, with a distance-dependent magnitude F (d)247

and the distance d =


x2 + y2. The force is along the bond direction (the unit vector n̂ = (cos θb, sin θb)).248

The Jacobian of the force is J = ∂F
∂(x,y) , and the linearized stiffness matrix at d = d0 is defined as249

M = −J. The Jacobian components can be evaluated explicitly, leading to the stiffness matrix:250

M(θb) = −F ′(d0)


 cos2 θb cos θb sin θb

cos θb sin θb sin2 θb


 − F (d0)

d0


 sin2 θb cos θb sin θb

cos θb sin θb cos2 θb


 . (5)

This is equivalent to M(θb) = −F ′(d0)n̂n̂T − F (d0)
d0

(I − n̂n̂T ). Since n̂n̂T and I − n̂n̂T correspond to projec-251

tors parallel (P∥
ij) and perpendicular (P⊥

ij) to the bond, respectively, we define the parallel and transverse252

stiffnesses as253

k∥ = −F ′(d0), k⊥ = −F (d0)
d0

, (6)

leading to M(θb) = k∥P∥
ij + k⊥P⊥

ij (same as Eq. 2).254

The resulting stiffness matrix takes the form255

M(θb) =


k∥ cos2 θb + k⊥ sin2 θb (k∥ − k⊥) cos θb sin θb

(k∥ − k⊥) cos θb sin θb k∥ sin2 θb + k⊥ cos2 θb


 . (7)

To obtain the effective coupling stiffness along an arbitrary direction ê = (cos θc, sin θc), we consider a256

displacement δr = s ê. The effective stiffness is then defined as keff = êTM(θb)ê.257
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A straightforward calculation yields258

keff(θb, θc) = k∥ cos2(θb − θc) + k⊥ sin2(θb − θc),
= k⊥ + (k∥ − k⊥) cos2(θb − θc).

(8)

For a repulsive central force F (d0) > 0, the transverse stiffness satisfies k⊥ < 0, allowing the effective stiffness259

to change sign purely through geometric projection.260

Decomposed Hamiltonians Ha and Hb, and XY-like phase model261

When the local confinement is diagonal in the {a, b} basis and the anisotropy is sufficiently strong ka ≪ kb262

or ka ≫ kb, Projection of the 2D Hamiltonian onto the two orthogonal anisotropy directions leads to its263

decomposition:264

H = Ha ⊕ Hb. (9)

The symbol ⊕ denotes a direct sum, implying that the two 1D Hamiltonians (Ha and Hb) act on orthogonal265

modal subspaces and remain completely decoupled (Hab = 0). The Hamiltonian projected onto the soft axis266

a⃗ is267

Ha =


i


1
2mȧ 2

i + 1
2kaa2

i


+ 1

2

⟨i,j⟩

k
(ij)
eff (ai − aj)2

, (10)

where k
(ij)
eff (α) is the effective coupling stiffness obtained from the geometric projection of the physical268

interaction onto the local a axis.269

Similarly, the Hamiltonian projected onto the stiff axis b is270

Hb =


i


1
2mḃ 2

i + 1
2kbb2

i


+ 1

2

⟨i,j⟩

k
(ij)
eff,b (bi − bj)2

. (11)

Here k
(ij)
eff,b(β) = k

(ij)
eff (α + 90◦) with β being the angle between the bond direction and the local b axis.271

The phase relation between the sites can be described by XY-like model, as the correlation Hamiltonian272

Hij = −keff aiaj is obtained from Eq. 10 and Eq. 11. With ai(t) = Ai cos(ωt + ϕi), the time-averaged273

correlation Hamiltonian is given by274

⟨Hcorr
ij ⟩ = −AiAjkeff cos(ϕi − ϕj) (12)

Equation 12 is modified to include phase accumulation corresponding to qd, resulting in275

⟨Hcorr
ij ⟩ = −AiAjkeff cos(ϕi − ϕj − qd) (13)

Eigenvalue Analysis of 1D and 2D models276

With cantilever-induced local anisotropy, the 2D (lossless) linear model of the unit cell consisting of masses277

A and B is given by278

(K2D(θc) − mω2I)




uA

vA

uB

vB


 = 0, (14)

9
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with displacements u and v along x and y, respectively, and the Bloch stiffness matrix for constant local279

stiffness (Ki(θc) = K(θc) for all sites tilted by the same angle) is represented as280

K2D(θc) =


Mt + K(θc) −Mintra − Mintere
−iqd0

−Mintra − Mintere
+iqd0 Mt + K(θc)


. (15)

with Mt = Mintra + Minter + Mfix + 2MLR [1 − cos(qd0)] and Mfix = Mintra + Minter (coupling from the281

fixed magnets). Here, from Eq. 7, Mintra, Minter, and MLR are obtained from the Jacobian matrix M(θb),282

depending on the bond direction θb: θb = −θ for Mintra, θb = θ for Minter, and θb = 0◦ for MLR.283

For ka ≪ kb and thereby two decoupled 1D Hamiltonians Ha and Hb, the 1D equivalent (lossless) linear284

model (a-manifold) is given by285

(K(a)
1D − mω2I)


aA

aB


= 0, (16)

Here the Bloch stiffness matrix is given by286

K(a)
1D(q) =


 kt + ka − kintra − kinter e−iqd0

− kintra − kinter e+iqd0 kt + ka


 , (17)

with kt = kintra + kinter + kfix + 2kLR [1 − cos(qd0)] and kfix = kintra + kinter. Considering bonds dinter =287

(cos θ, sin θ), dintra = (cos θ, − sin θ) at θ = π/3, and dLR = (1, 0), from Eq. 3 the effective coupling for288

k⊥ = −A d
(p−1)
0 = −k0 and k∥ = −A p d

(p−1)
0 is given by289

k
(ij)
eff =




kintra = −

(p − 1) cos2(θ + θc) + 1


k0

kinter = −

(p − 1) cos2(θ − θc) + 1


k0

kLR = −

(p − 1) cos2(θc) + 1


k0

(18)

Other formulas290

Modal polarization ratio (along the local a-axis), Pa291

Pa is the fraction of the eigenvector energy projected onto the local a-axis (summed over both sites A and292

B within the unit cell), i.e.293

Pa = Ea

Ea + Eb
, (19)

where Ea =


s=A,B |us · a⃗|2 , Eb =


s=A,B

us · b⃗

2

.294

Here us = (us, vs)⊤ denotes the displacement at site s, and the local orthonormal basis vectors are295

defined as a⃗ = (cos θc, sin θc)⊤, b⃗ = (− sin θc, cos θc)⊤.296

Row-polarization, P(f)297

We define the frequency-dependent polarization as298

P (f) = Etop(f) − Ebot(f)
Etop(f) + Ebot(f) , (20)

10



ARTI
CLE

 IN
 P

RES
S

ARTICLE IN PRESS

where the energy on the top and bottom rows is given by Etop/bot(f) =


m

utop/bot(m))
2 .299

The polarization satisfies:300





P = 0 equal energy on the top and bottom rows,
P = +1 only the top row responds,
P = -1 only the bottom row responds.

Mode participation, Sn301

Measured complex displacement field (at one drive frequency) U(f) can be modeled as a linear combination302

of eigenmodes :303

U(f) ≈
N
n

Sn(f)an (21)

with Sn(f) being the modal contribution and an being the n-th mode shape (from eigenvalue analysis). The304

modal contribution is calculated by Sn = (aT a)−1aT U with a = [an=1, ..., an=N ].305

Data availability306

The numerical data underlying the figures in this study, including dispersion relations, mode pro-307

files, eigenfrequency spectra, and phase measurements, are provided as Supplementary Data files308

accompanying this article. The source data for Figs. 1–5 are in Supplementary Data 1. Additional309

data supporting the findings of this study are available from the corresponding author upon request.310
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Figure 1. Local anisotropy-controlled interaction sign and strength (a) Schematic of the central-
force elastic lattice with anisotropic trapping. Each site is defined by an anisotropic potential well (Va < Vb)
with local principal axes a⃗ and b⃗ (red and blue arrows). Neighboring sites are coupled via generalized
central forces (blue dashed lines) characterized by longitudinal and transverse stiffness (k∥, k⊥). The total
Hamiltonian H is decomposed into low-energy (Ha) and high-energy (Hb) components. The projection
angles (α, β) between the principal axes and the bond vectors (dij) dictate the interaction sign, where solid
red lines denote positive coupling (+) and dashed lines indicate negative coupling (−). (b) Effective coupling
keff as a function of the projection angle (α). The coupling varies continuously from positive (solid red line)
to negative (dashed red line) values, with limits set by k∥ (α = 0◦) and k⊥ (α = 90◦). The lower panel shows
the resulting mode reordering in a two-mass system, where negative coupling manifests as the antisymmetric
mode frequency (fAS) below the symmetric mode frequency (fS).
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Figure 2. Spectral separation and programmable lattice dynamics. (a) Dispersion spectrum of an
infinite periodic zigzag lattice as a function of the anisotropy angle θc. Strong local anisotropy (kb/ka ≈ 12)
induces a wide spectral gap between the low-frequency a-manifold and high-frequency b-manifold. The
color scale indicates the projection parameter Pa, where Pa = 1 (red) and Pa = 0 (blue) denote pure a-
and b-manifold modes, respectively, confirming robust manifold isolation and negligible cross-coupling. (b)
Evolution of nearest-neighbor (intra and inter) and long-range (LR) effective couplings keff for both manifolds.
Continuous rotation of θc enables control over the magnitude and sign (solid for positive, dashed for negative)
of each interaction type. The effective coupling of the a-manifold is shifted by 90◦ relative to the b-manifold.
(c) Representative lattice configurations for selected angles θc. Evolution of the a-manifold dispersion for
anisotropy angles (every 10◦), illustrating systematic evolution of coupling regimes with anisotropy rotation.
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Figure 3. Frequency-selective frustration. A triangular loop with a negative interaction product,
Φ = sign(+, +, −) < 0, exhibits frustration at small wavenumber (qLOW), corresponding to long-wavelength
modes. In contrast, an ordinary loop with Φ = sign(+, +, +) > 0 develops phase conflict at large wavenumber
(qHIGH), arising from phase accumulation along the loop.
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Figure 4. Wave frustration induced by sign-controlled long-range coupling. (a) Schematic of
the zigzag lattice in the frustration regime (θc = 90◦, a-manifold), for Φ < 0. Dashed lines denote negative
effective coupling. Ordinary lattice with (kLR > 0) for Φ > 0. (b) Experimental realization of the frustration
lattice. An illustration and photograph of the magnet array with equal spacing are shown. Local anisotropy
is introduced using rectangular cantilevers. The soft axis a⃗ (normal to the wider face of the cross-section) is
aligned to achieve projection-controlled coupling. (c) Theoretical dispersion of the infinite lattice obtained
from the 2D model (solid line), compared with that obtained from the effective couplings (dashed). In the
right panel, discrete eigenfrequencies of the finite lattice (N = 20) are plotted with those of the ordinary
lattice (kLR > 0) for comparison. (d) Experimentally characterized dispersion and corresponding modal
contribution Sn (2D surface plot over discrete frequency and mode index). Representative Sn at 27 Hz
highlights mode crowding in the frustration regime, while Sn at 34 Hz demonstrates effective single mode
excitation. (e) Theoretical mode profiles of the finite lattice (N = 20) for the first three modes (n = 1, 2, 3):
frustration lattice (left) versus ordinary lattice (right). (f) (top) Measured displacement profile at 27 Hz and
(bottom) corresponding amplitude-phase diagram with the amplitude (circle size) and phase (color). Bonds
along the top and bottom rows exhibit finite phase differences between connected masses.

19

ARTICLE IN PRESS



ARTI
CLE

 IN
 P

RES
S

Figure 5. Coexistence of topology and frustration. (a) Schematic of zigzag lattices for the topological
phase (θc = 70◦) and the ordinary phase (θc = 110◦). (b) Eigenfrequencies of the finite lattice (N = 20, a-
manifold) as a function of θc, showing the emergence of a topological bandgap and edge modes. The inset (at
θc = 70◦) highlights edge modes (n = 10, 11) and mode crowding (blue shading), demonstrating coexistence of
frustration and topology. (c) Experimentally characterized dispersion relation with the bandgap highlighted
(red shading). The right panel shows polarity P (P = 1 top-row dominant, P = 0 bottom-row dominant).
The topological mode exhibits P = 1 due to dominant displacement of odd magnets (excitation at m = 1).
(d) Measured displacement profile at 33 Hz (red) compared with the theoretical mode profile (n = 10,
antisymmetric edge mode). (e) Measured displacement profiles shown as displaced rectangles (colored) with
respect to the black outlines indicating equilibrium positions. The bottom panel shows the corresponding
amplitude and phase distributions.
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