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Metamaterials can achieve exceptional functionality through careful
design of their mesoscale structure. Although engineered irregularities
canbe advantageous, current approaches largely conformto regular
structures to preserve tractability. Here we contend that network
theory, enriched with geometry and physics, provides a natural
framework for modelling and designing metamaterials with controlled
irregularities at relevant scales. We examine how this augmented
network theory can facilitate the creation of irregular metamaterials
with enhanced or novel properties and how metamaterial research, in

turn, isopening new directions in the broader area of physical networks.

Supported by machinelearning and advances in self-assembly,
the emerging field of irregular metamaterial networks is poised to
transform the design and scalable manufacturing of new materials.
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Introduction

Metamaterials are architected to gain properties fromtheir mesoscopic
structure in addition to their microscopic composition, so that they
display behaviours that go beyond those of ordinary materials synthe-
sized at the atomic or molecular scale’. For example, metamaterials can
exhibit high specific strength*?, negative refractive index*, negative
Poisson’s ratio*® and sound confinement properties”®, with respec-
tive applications including lightweight aerospace platforms, optical
cloaking, mechanical allostery and acoustic superlensing. Tradition-
ally, the mesoscopic structures of metamaterials consist of regular
patterns formed by repeating structures with precisely designed form
and orientation. However, a new generation of metamaterials with
desired properties is being realized by departing from the stringent
requirement of regularity (Fig. 1). The key to unlocking the potential
of irregular metamaterials is network science.

The study of network systems, the origin of which is often traced
to Euler, gained attention in physics after Maxwell’s 1864 study of
networks of forces’. Through the second half of the twentieth cen-
tury, physical scientists focused largely on regular lattice networks of
crystal-like systems, while mathematicians, motivated by the structure
of communication networks, developed random graph theory'®. Over
the past25years, it has become clear that real physical, biological and
social networks tend to fall in between these two extremes: they are
irregular but also highly structured and thus by no means random™",
The study of the structure and dynamics of such network systems —
ranging from whole-brain connectomes®” " and continental-scale
power grids™ to global social media'® and pandemic-related contact
networks' — has given rise to the cross-disciplinary field of net-
work science, which now interacts synergistically with arising artifi-
cial intelligence technologies*?*. An emerging direction in network
theory is to incorporate the physical properties and constraints of
network nodes and edges, including how volume exclusioninfluences
structure®*”, and to design spatially embedded structures with desired
dynamics® and material properties”.

Network concepts have been used, often implicitly, in both the
analysis and design of materials. The analysis of networks of forces
gave rise to the field of topological mechanics®®, which involves the
study of how the structure of elements, such as struts, produces robust
mechanical behaviours. In this context, rigidity has been formulated
as avector percolation problem and used to identify rigid and floppy
domains in 2D random truss lattices®, but for general network struc-
tures, efficient algorithms do not yet exist. The dynamical matrix®,
which contains the connectivity information of the network, is a useful
tool for linear response analysis, including the computation of shape
changes that do not cost energy in truss® and granular®> materials.
A pressing question is how to extend these ideas to capture a broad
range of nonlinear and large-deformation behaviours.

In parallel, research on the relationship between the microscale
network structure and macroscopic material behaviour characterized
the elastic properties of both naturally occurring®?* and convention-
ally synthesized materials®?°. This effort revealed distinct scaling
relations across deformation regimes and led to the development of
materials selection charts®* for comprehensive assessment of cost
versus performance. One outcome of this line of research was the
realization that architected materials can achieve performance outside
the property space occupied by ordinary materials®. The design of
architected materials has been facilitated by topology optimization® —
a computational approach that combines linear programming with
finite-element analysis. Although this approachis not readily scalable

toirregular metamaterials, it has assisted the optimization of regular
and locally coupled materials*®*.,

This Perspective has two complementary goals: to show that
irregular metamaterials can exhibit enhanced properties relative to
regular ones and that a suitable network representation of such materi-
als facilitates their description, analysis, prediction and design. Here,
the term ‘irregular’ refers to systems that are not formed by repeated
building blocks but that canstill be highly organized, asiscommonin
optimized structures. Irregular metamaterials thusinclude, but are not
limited to, disordered materials characterized by random deviations
fromregularity. We distinguish between topological, geometrical and
parametricirregularity. These three types of irregularity are naturally
accounted for in network representations, and we present measures
to quantify them. We explore two representative network models to
illustrate and overcome the challenges associated with the genera-
tion of physical networks. This motivates us to discuss how machine
learning can aid in the design of irregular metamaterial networks and
how the networks themselves may undergo physical learning. Hav-
ing established the potential of irregular metamaterial networks, we
review how additive manufacturing techniques can be used to fabri-
catethe proposed materials and highlight outstanding problems and
opportunities for future research.

Metamaterial networks
Arecurrent claimin network science has been that network structure
influences — or even determines — function. For example, the percola-
tion threshold in random networks is determined by the moments of
the distribution of degrees™ (that is, the distribution of the number
ofinteractions per node), which underlie the well-established vanish-
ing of the epidemic threshold in scale-free networks*. In the master
stability formalism, the stability of network states is governed by the
eigenvalues of the Laplacian matrix, which, in the context of synchroni-
zation, generally implies that synchronized behaviour is more strongly
supported in networks with alocalized spectrum of non-identically
zeroeigenvalues®. Similarly, because nodes tend to connect to others
thatare more highly connected than themselves?, high-degree nodes
disproportionately mediate dynamical processes in complex networks,
shaping the speed and pathways of diffusion and influence**.
Crucially, the connection between structure and function is
believed to largely hold in materials too®°. For example, because
the allotropes of carbon are all made up of the same atoms, the dis-
similar properties of diamond and graphite must emerge from the
network structure, thatis, the topology, geometry and nature of inter-
actions. Conversely, the tetrahedral covalent network of diamond
is also found in other ultra-hard materials with different elemental
compositions, such as silicon carbide and carbon nitrides***. In the
materialsliterature, the method of topology optimization formalizes
the structure-functionrelationship through pixellated descriptions of
the filled material volume*”*®, This approach can programme preferred
deformation modes known as compliant mechanisms by using optimi-
zation to determine where material elements should be deposited in
the finite-element grid*. The architecture and nature of interactions
in both ordinary materials and those constructed through topology
optimization are constrained by the adjacency of chemical and physical
bonds. This constraint limits the overall network structures to generally
being locally coupled, whether or not they are ordered (as in the case
of crystals), designed (asin the case of topology optimized structures)
or disordered (asinamorphoussolids). Moreover, the metamaterials
literature has focused mainly on structures that are not only locally
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Fig. 1| Examples of exceptional behaviour achieved by irregular
metamaterials. a, Samples of aperiodic (top, left) and simple cubic (SC; top,
centre) structures, their behaviour at approximately 10% strain (bottom, left
and centre, respectively) and their specific energy absorption as a function of
the fraction of the volume occupied by material (right). The aperiodic structure
(straine=0.1) exhibits more localized buckling compared with the SC structure
(£=0.08), leading to a substantial increase in specific energy absorption at

fixed density relative to other regular structures'’’. b, Fracture propagation
(reddots) inanirregular truss structure (top) vsits regular counterpart (bottom)
when theright sideis pried apart (white arrows). The irregular structure deflects
the crack tip, leading to a doubling of the fracture toughness'®. ¢, Isotropy of
the stiffness, specific energy absorption and Poisson’s ratio for an aperiodic
lattice of squares and triangles (top row) compared with the anisotropy of these

characteristics for the square lattice (bottom row)"”". Regular lattices necessarily
have anisotropic off-axis responses and have markedly different properties when
applied stresses are not aligned with the lattice vectors. d, Approximate isotropic
light transmission behaviour of an irregular hyperuniform structure (blue;
bottom, right) compared with the strongly anisotropic behaviour of the diamond
lattice structure (red; top, right), in which the coloured area spans the range of
minimum to maximum transmission coefficients ata given frequency across the
three principal directions”?. The minimum in transmission coefficientacross all
directionsslightly above 10 GHz reflects that the material is substantially more
opaque to photons at this frequency than at higher and lower frequencies. Panel a
adapted with permission from ref. 170, Wiley. Panel b adapted fromref. 162,
CCBY 4.0. Panel cadapted with permission fromref. 171, Elsevier. Panel d adapted
fromref.172, CCBY 4.0.

coupledbutalsolargely regular. These constraints facilitate design by
keepingthe search space moretractable, but they restrict the range of
new properties that can be explored.

Importantly, metamaterials are notinherently limited to local cou-
plingandanearly regular structure. Exploring more general networks
can increase the space of possibilities, bringing about opportunities
torealize new or enhanced properties. Although many properties
of interest — including specific stiffness, specific strength and wave
attenuation at selected frequencies — are achieved through periodic
designs, research on neuromorphic metamaterials®’, nature-designed
structures® (including those made of protein, cartilage and muscle®),

53-55 56

damage-resistant topologies’>™ and disordered auxetic systems
shows that substantial gains are possible by departing from regular
and/or locally coupled network structures. Further advancesinirregu-
lar metamaterials research have been inspired by naturally occurring
disordered materials such as foams, glasses, granular materials and
amorphous systems, as well as (irregular) polymers, biological tissues
and animal-built structures. Animportant question for future research
is how to comprehensively design and optimize metamaterials by
systematically exploring a wide range of irregular networks.

We note that the same network structure can describe irregu-
lar granular, truss and plate materials (Fig. 2). The elements of the

Nature Reviews Materials


http://www.nature.com/natrevmats
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

Perspective

underlying network are associated with material constituents of
increasing complexity, whichinteract through points of contactingran-
ular systems (Fig. 2a), through elastic beams in truss lattices (Fig. 2b)
and through surfacesin plate materials (Fig. 2c). The properties of the
underlying network (Fig. 2d), such as percolation and the eigenvalue
spectrum, caninform material behaviour such as rigidity*” and floppy
modes?®®. Nevertheless, this network representation has limitations.
First, the network was derived from the granular system in Fig. 2a and
then used to generate the truss and plate materials in Fig. 2b,c and
thus was not generated a priori based on desired material properties.
Second, the description in Fig. 2d does not distinctively define the
material and can correspond to vastly different outcomes, including
butnotlimited to those showninFig.2a-c. The network representation
must be augmented with additional information torender acomplete
description of the material and to inform analysis and design.

Beyond irregular topology

Networks canbe —andin other domains they generally are —irregular
intheir full scale®® and may involve directed coupling®. A metamaterial
designed with this structure would not have finite-size unit cellsin the
thermodynamiclimit, may exhibit a divergent variance inthe number of
interactions per network node and could potentially undergo new types
of phase transition owing to non-reciprocal interactions®’. Traditional
network models cannot be used to design such irregular metamaterials
because, apart from the interaction strengths, they describe only the
topology of the network. Metamaterials are embedded in the physical

space, and arealistic account of their properties requires modelling
both the geometry and the nature of their network elements.

Traditional network models

Some of the most widely used models in network science''> are com-
monly visually represented as dots (nodes) connected by lines (edges)
and expressed as matrices A= (A4;), inwhich A;is the strength of the edge
fromnodejtonodei (Fig.3a- d) The power ofsuch modelsliesintheir
ability to capture essential properties that are frequently observed in
real networks, including short node-to-node distances®, skewed dis-
tribution of connections per node®” and community structure®’, while
facilitating the characterization of emergent phenomenafor entire net-
work ensembles®. Generalizations beyond static pairwise interactions
of asingle type have also been explored through models that account for
higher-order®®, multilayer®*® and temporalinteractions**”° (Fig. 3e-g).
Notwithstanding their usefulness, all models in Fig. 3 are essentially
limited to describing the topology of a system. Although there are
physically embedded networks — such as power grids'®, social prox-
imity networks’, pedestrian flow networks’* and the Internet’ — that
are meaningfully captured by variants of traditional network models*®,
we argue below that the network modelling of metamaterials requires
further extensions of network theory itself.

11,12

Types of irregularity
Research progress inirregular metamaterial networks requires a suit-
able definition and quantification of irregularity. Different types of

Fig. 2| Metamaterials of different classes described by
acommon network structure. a-c, Irregular granular
(panela), truss (panel b) and plate (panel ¢) structures,
corresponding to interactions of increasing dimension
and complexity, respectively, represented by point
contacts between grains, beams between truss nodes
and surfaces between Voronoi cells. d, The underlying
network, which is the same for all three structures. The
arrows indicate the relationship between the material
elements and the underlying network. Additional
details on the network construction are provided in the
Supplementary Information. Figure inspired by ref. 173.
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Fig.3|Irregular networks generated by purely topological models.

a, Erd6s-Rényi network, in which node pairs are connected by an edge with
agiven probability. b, Small-world network, generated through the rewiring
ofafractionof edges (orange) in a triangulated lattice. ¢, Scale-free network,
generated by randomly connecting nodes with a pre-assigned power-law
distribution of the number of connections, leading to hub nodes with alarge
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number of connections. d, Network with communities of densely connected
nodes generated using the stochastic block model with four planted clusters.
e-g, Generalized networks: higher-order networks with interactions involving
more than two nodes (panel e), multilayer networks featuring different
interaction types or systems (panel f) and temporal networks capturing
time-varying connectivity (panel g).

network irregularity can be explored in the design of metamaterials,
includingtopological, geometrical and parametricirregularities (see
Supplementary Fig. 1). At the most fundamental level, topological
irregularity concerns the form of the underlying graph with no refer-
ence to physical distances. This form of irregularity isimportant, for
example, in determining percolation transitions®*. Geometrical irregu-
larity refers to how the size, shape and/or orientation of the network
nodes and/or edges can vary unevenly inspace. Parametricirregularity
concerns node and edge properties not captured by topology and
geometry. These properties define the nature of the network elements
and can include mass density, composition, damping coefficients
and elastic moduli, among others. By dividing the types of irregular-
ity into these categories, we arrive at a natural conceptualization of
irregular metamaterials that applies to both engineered and natural
materials™. For all three categories, the irregularity can be localized
(asforadefect), structured (as for gradients and holes) or statistically
uniformacross the entire network (as for uniformly random systems).
The extent of irregularity generally depends on the scale at which the
metamaterial is observed. As for other material network properties,
this scale dependence can be quantified using persistent homology
analysis”.

Quantifyingirregularity

The deviation of irregular metamaterials from regular patterns formed
by repeating structures is reflected in the underlying network and its
associated parameters. This deviation can be quantified by network

symmetries, the configuration and information entropies, and
fluctuations in the local volume fraction.

Network symmetries. Network symmetries can be defined in terms
of the network’s automorphism group” and its generalizations. The
automorphism group is formed by all node permutationsi > m(i) that
leave the network unchanged. Structurally identical nodes are related
by a permutation and belong to the same orbit of the automorphism
group (symmetries can be defined similarly for edge permutations).
The orbits formapartition of the network. Regular network structures
have more symmetries than irregular ones, which can, in the most
extreme cases, have no symmetry other than the identity. Network
symmetries have been used to characterize network irregularity in
other applications, including synchronization dynamics’ .

Configurational and information entropy. Entropy is a measure of
disorder often used in dynamical contexts, but it can also quantify
structuralirregularity. In an ensemble of networks, each network cor-
responds to a configuration assigned a probability P,of being observed.
The configurational entropy®® of the ensemble is proportional to the
Gibbs entropy S; = —kzX P, In P, inwhich kg is the Boltzmann constant.
A network ensemble consisting of one or only a few configurations,
suchasalattice network, has amuch lower entropy than an ensemble
of random networks. The probabilities P, depend on the details of how
the ensembleis defined®®. For example, random networks generated
from a given degree sequence define a microcanonical ensemble in
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which every network structure with the specified degrees has an equal
probability. By contrast, the Erd6s-Rényi model (Fig. 3a) defines a
canonical ensemble, in which all network structures are possible but
with aprobability proportional to anetwork version of the Boltzmann
factor.

Alternatively, irregularity can be measured by quantifying the
amount ofinformation needed to specify the structure of the system.
The amount ofinformation canbe quantified by covering arealization
of the material network with a fine grid in which grid boxes overlap-
ping with the material are assigned 1and empty boxes are assigned O.
The spatial organization can be captured, for example, by dividing
the sequence of onesand zeros into blocks. The Shannoninformation
entropy®*** canthenbe applied to this sequence of blocks to measure
the information content in the structure. (A similar approach can be
used to measure irregularity based on the presence and absence of
entire edges in the network). The Shannon entropy is similar in form
butdifferentin content from the Gibbs entropy, as the former concerns
the organization of anindividual realization and the latter concerns the
probability of observing different realizations. Once again, arepetitive
structure is expected to require less information, and hence have a
lower entropy, than anirregular one.

Local volume-fraction variance. Thelocal volume-fraction variance
isanother quantity that can be used to measure structuralirregularity.
This quantity is the variance of the fraction of the volume occupied by
the material within a ball of radius R as the ball’s centre is varied®. For
d-dimensional materials, the volume fraction often scales as R™“*%),
The parameter £ contains information about the material’s structural
irregularity: £=1for lattices, 0 < {<1for a range of disordered hype-
runiform structures, £= 0 for uniform randomness and -d < < 0 for
anti-hyperuniform structures. This fluctuation-based characterization
of irregularity captures long-range spatial correlations, which are
relevant to the design of metamaterials®®.

Although the measures described above characterizeirregularity
inthe material structure, they can be extended to account for (possibly
continuous) parameter dependences, such as the elastic modulus.
These measures can thus quantify not only topological irregularities
but also geometrical and parametric ones, as well as combinations of
the three.

Geometry-endowed network models

The first requirement for a metamaterial network is geometry, but
therein lies the challenge: direct top—down attempts to incorporate
geometry in existing generative models of irregular networks often
lead tointersections and crossings of nodes and edges in the physical
space. The prohibition of such overlaps is referred to as the volume
exclusion constraint. Another requirementis that the edge distribution
mustdecay with edge length. Owing to volume exclusion and resource
limitations, an edge between two nodes should become less likely if
thenodes are sufficiently far apart. This property is featured in several
models of physically embedded networks, most notably in the descrip-
tion of synaptic connectomes®”*® (but also in spatial network models
that are not constrained by volume exclusion®-**),

By contrast with many other physically embedded network sys-
tems, such as microfluidics, brains, power grids and computer chips,
mechanical metamaterials are not static within the relevant timescales.
Thus, geometry-endowed network models need to be developed to
satisfy the volume exclusion constraint not only inafixed equilibrium
state but also when stressed, strained, acoustically driven, heated

and/or damaged. Anemerging body of researchin the network science
community (Box 1) has begun to grapple with the effects of volume
exclusion**?, physical edge entanglement®*” and physically extended
nodes’®®, This line of research has two important frontiers: one con-
siders the elastic behaviour of the nodes and edges while respecting
volume exclusion under loading, and the second accounts for the
cost of physical edges and nodes. The latter was considered in awork
describing how the morphology of natural physical networks is driven
by surface optimization®. In what follows, we present two network
models that canincorporate the different types of irregularity, satisfy
volume exclusion and account for the cost of the material network.

Network model with physical constraints

To appreciate theimpact of geometry, we consider asimple geomet-
ric extension of the Erd6s-Rényi model, which is representative of a
broader ongoinginitiative to develop physical network models that
incorporate geometry into topological network designs. Inits stand-
ard formulation, the Erd6s-Rényi model is purely topological: each
pair of nodes is connected independently with fixed probability p.
We formulate a 3D geometric extension in which nodes are centred
atrandomly selected points in the unit cube with no more than one
node within each voxel of a S grid; nodes are balls and the edges are
rods, both assumed to have radius d > 0; and an edge connects a pair
of nodes (i,j) with probability min{crij’“, 1}, under periodic boundary
conditions. Here, r;; is the (Manhattan) distance between the nodes,
a > 0isthe decay exponent and ¢ > 0 is a constant that assumes the
role of pinthe topological Erd6s-Rényi model (Fig. 4a). This model
canincorporate several previously considered concepts, such as the
decay of the edge probability with distance”*'°°, volume
exclusion**, edge entanglement® and percolation®>”*'”!, into asingle
construction.

Inthelimitinwhichtheradius of the edges and nodesis zero (d=0),
volume exclusion is automatically satisfied for any finite number of
nodes, and all edges are placed independently of each other. Neverthe-
less, the average node degree at the percolation transition — at which
a giant connected component forms — increases from 1if the decay
exponent a becomes sufficiently large. For example, if the number of
nodes is N = 6,250 and the number of voxels per side of the principal
volume is S = 50, the average degree at the percolation transition is
larger than1fora 2 2.5, meaning that connected components consist
of alarger number of shorter edges (Fig. 4b). The degree needed to
obtain a single connected component with a fixed probability e
remains fixed at% In N, which is the same threshold as in the (purely
topological) Erd6s-Rényi model (see Supplementary Information for
additional model details). The decay parameter a tunes the network to
reachthe connectivity transition with less material because the typical
edgelengthshortensasaincreases (Fig. 4c). If the systemis subject to
anon-affine straining, edge or node crossings can occur, and the frac-
tion of edge crossings grows linearly with the maximum strain (Fig. 4d).
Ifthe edge (and node) thickness is non-negligible, overlaps occur with
afrequency that grows linearly with d even in the absence of loading
(Fig. 4e). Such violations of volume exclusion can be addressed by
allowing edges to have curvature and/or by fusing overlapping sections.
Inthe latter case, the nodes are no longer independent when d> 0.

Networks from adjacency-constrained tiling

As an approach that more directly incorporates the physical con-
straints above, we consider the recently introduced virtual growth
model'®, The building blocks are tiled randomly, and the short-range
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Box 1| Emerging models of physical networks

We comment on two growing classes of physical network models

of relevance to metamaterials. The first class extends traditional
network models by embedding nodes and edges in 3D space. Models
within this class can describe long-range interactions and represent
structures that satisfy volume exclusion even when edges and/or
nodes have finite volume. In one model, edges of defined thickness
are sequentially added between nodes until no more edges can
satisfy volume exclusion®?. The problem of satisfying edge volume
exclusion is mapped onto the identification of independent sets of
‘metagraphs’® (see the figure, panel a). Another model focuses on
physical entanglement, in which nodes and edges embedded in
space form knots® (see the figure, panel b). This model can relate the
presence of knots to the behaviour of complex liquids®'®'®?, solids'?,
gels'™ and other networks of intertwined fibres®*'®*¢, |n a third
model, the nodes are chain subnetworks that are grown on a defined
grid until they run into another node, thus forming an edge® (see the
figure, panel c).

The second class of physical network models uses Maxwell
frames — rigid rods of a fixed length (edges) that connect at hinge joints
(nodes) — to prescribe the motion of target nodes in response to the
actuation of distant source nodes. Models within this class programme
specific mechanical behaviours by tuning the existence and length of
the (primarily short-range) interactions between nodes. An early model
was used to design 2D and 3D frames that exhibit allostery, in which
the target nodes move apart in response to the source nodes being
pinched together” (see the figure, panel d). This model illustrates how,
even in locally coupled networks, architected disorder can be used
to programme nonlocal responses in metamaterials beyond those
mediated by wave propagation'’. Further work developed a model
to place source nodes (blue) with a predetermined deformation to
achieve desired deformation patterns for the target nodes (red) in a
given network? (see the figure, panel e). A similar approach has been
applied to compose networks consisting of a series of building blocks
that achieve prespecified folding patterns'® (see the figure, panel f).
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Panel a adapted from ref. 25, Springer Nature Limited. Panel b adapted from ref. 95, Springer Nature Limited. Panel ¢ adapted from ref. 98, CC BY 4.0. Panel d
adapted with permission from ref. 27, Proceedings of the National Academy of Sciences USA. Panel e adapted from ref. 26, Springer Nature Limited. Panel f

adapted from ref. 188, CC BY 4.0.

interactions between adjacent blocks satisfy certain compatibility
rules (Fig. 5). Akey ingredient of the model is that each building block
includes not only nodes and edge segments but also their embedding
in 2D or 3D space. Given a set of building blocks and compatibility
rules, the model is entirely parameterized by the assigned propor-
tions of the different building blocks. Throughout the generation
process, compatible blocks are added sequentially, mimicking nest
design strategies adopted by insects that use predominantly local
information'®®. This bottom-up approach systematically generates

ensembles of emergent irregular networks with a complexity that is
intermediate between regular lattices (consisting of repetitions of a
single building block) and random networks (which do not include
repeated patterns). Physical realization can be achieved through 3D
printing (Fig. Se,f).

The degree of correlation between nearby building blocks
(Fig. 5Sb-d) affects the percolation and physical properties of the
material’®* but is not properly captured by widely used topological
and geometric descriptors such as the Minkowski functionals'®. These
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Fig. 4| Geometric extension of the Erd6s-Rényi
model. a, Example network for N=10 nodes, E=12

Mean degree

edges and S =4 voxels per side of the principal volume,
inwhich at most one node can be placed randomly
according to a uniform distribution in each voxel.

b, Mean degree at the percolation transitionasa
function of the decay exponent a for edge radiusd=0,
which has qualitatively similar behaviour toa2D

spatial network model®*. The dashed line indicates
the degreein the (topological) Erd6s-Rényi model.

20

Mean edge length 0

Occupied

¢, Mean length of the edges for the networks in panel
b.d, Fraction of edge crossings (relative to the total
number of edge pairs) ina strained material for d=0
asafunction of the maximum strain & (in units of
voxel side lengths) for the profile shownin the inset.
e, Fraction of edges violating the volume exclusion

voxel

o

constraint as a function of d in the absence of loading

o4

2 4 5
o (¢=0).Inpanelsb-e, N=6,250 and $=50; in panel
d, error bars larger than the symbol denote the s.e.m.
d e
[2]
(o) o [y S 3 .
[ = Bl P
2 ¢o0 ge® 5] 1 2278
2 e oo ® 3 E .2 . -e
o 5 1 ¢4 a0 e e g El . .2 . .o
107> ] .8 . RN
8 ‘2 ‘5 a0 0 e 2 c 4 e . .® .» . —‘-,o
g t3 to g°°s = 1029 LariEle Lt gt
o gt £ ] L% et enett
o 1074 a6 08 2 4 - Lo _ﬁ"
2 ead 08 Y 2 4 - .2
] o &6 0o 8 € > E . D’-_‘doa;.
g FER - B o 5
A ¢ 5 E
s [IK | t z X ©
! T T ‘ o Ty
1076 104 102 100 - 107 1076 1075

d

functionals, which in two dimensions comprise the Euler character-
istic, perimeter and area of the material structure, characterize the
material size and shape additively: each Minkowski functional of the
whole material is a function of the fraction of each type of building
block and material connections formed between adjacent building
blocks. Because additive descriptors ignore correlations, holistic
network-based descriptors are needed to capture the nonadditive
emergent properties of metamaterials, as further discussed below.

Itisinstructive to compare the two types of network model just
mentioned. The geometric extension of the Erd6s-Rényi model
treats nodes and edges as the fundamental building blocks. It ena-
bles long-range interactions but requires an explicit treatment of
volume exclusion. The virtual growth model, by contrast, adopts
fundamental building blocks comprising nodes, edge stubs and
empty space. This approach constrains long-range interactions but
automatically enforces volume exclusion and can berealized through
alocal bottom-up tiling process. Both types of model permit tun-
able disorder in topology, geometry and other parameters. We also
suggest that both types of model are amenable to being combined
with topology optimization® because the network representation
can match the mesoscopic structure of the constitutive elements,
thereby facilitating scalable optimization by reducing the number of
elements needed to accurately describe the material. Reducing the
number of elements while maintaining a faithful material descrip-
tion is particularly helpful in computationally intensive nonconvex
optimization'®'?’,

Learning for metamaterial network design

From network models to deep neural networks
Amajortechnical challenge faced in designing irregular metamaterials
with specified properties is the lack of suitable methods (aside from
specific simulation-driven optimization*°) for structure-property
mapping, particularly when the system undergoes phase transitions'*®,
the network connectivity changes over time'®’, or frictional forces
are non-negligible'’. By formulating irregular metamaterials as net-
works, they canbe representedinaformat conducive to training graph
neural networks (GNNs), a class of deep neural networks designed for
graph-structured data, to infer the structure-property mapping or
learn effective dynamical equations. The latter application translates an
ideato GNNs that has been used in convolutional neural networks™"
(CNNs) through graph convolutional networks™. Unlike CNNs, GNNs
naturally allow network data to serve asinput and can be trained on net-
works that vary insize*. The network datainclude the network topol-
ogy, network geometry and possibly other node and edge parameters
(Box 2). Geometric symmetries can be accounted for by augmenting
the training dataset with transformed configurations that have the
same property labels or by embedding such symmetries in the neural
network structure'™.

Deep neural networks have also been used to infer structural prop-
erties from materialimaging data"*'”. This applicationis often carried
outusinganunsupervised variational autoencoder (VAE) architecture,
whichis designed to uncover patterns in the material image by explic-
itly encoding the high-dimensional input data into alower-dimensional
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latent space via an ‘encoder’ neural network®. A ‘property predictor’
neural networkis trained in asupervised manner using latent variables
asinputand the material properties of interest as supervisory signals.
These material properties can then be extracted from the latent space.
The inverse design proceeds by identifying points in the latent space
that correspondtothe desired properties. Selected points are decoded
into structures by using the latent variables asaninput to the encoder
runinreverse. The VAE architectureis generally operated oninputs of
fixed size"*'"", although it is possible to combine VAE architectures
with GNNs to cope with inputs of variable sizes'.

Applications of machinelearning to analyse and design metama-
terialsare arapidly developing research area. For example, GNNs have
been applied to predict force chains'* and particle rearrangements'*
ingranular materials using networks in which nodes represent grains
and edges represent grain contacts (Fig. 6a). Another application is
the prediction of heat transfer and stiffness in shell metamaterials
in which the shell surfaces are represented by truss networks that
serve as inputs to the neural network model'” (Fig. 6b). Machine
learning has also been applied to predict nonlinear stiffness in truss
metamaterials for which the network consists of a point set con-
nected by edges"*'** (Fig. 6¢). In these examples, the machine learn-
ing model serves as an emulator for potentially computationally
expensive finite-element calculations of homogenized properties.
When finite-element calculations are inexpensive (for example, when
the behaviours are well captured by the elasticity of the elements),
direct simulation-based optimization can be preferred over neural
network approaches'>"?¢,

Fig. 5| Network model and metamaterials based on virtual growth.

a, Example building blocks in which edges (grey lines) and nodes (intersections
between edges) are embedded in 2D space. b-d, Model realizations in which
the connections between adjacent blocks are positively correlated (panel b),
uncorrelated (panel ¢) and negatively correlated (panel d). These correlations

GNNs have also proved useful to optimize force-directed layouts'?’

and thus to assign geometry to abstract networks by embedding them
inthe physical space. Suchlayouts position nodes and edges toreduce
overlaps between them. The process can be interpreted as identify-
ing a hidden metric space, which is an underlying space wherein dis-
tances between nodes correlate with the probability that they are
connected'?. This approach offers a path to create physical networks
with abalance of local and nonlocal interactions.

Physical network learning

Metamaterials can be recognized as physical networks, and such net-
works canbe trained to learn a specific behaviour by optimizing their
parameters. Although traditional machine learning is a software imple-
mentation inspired by brain network learning, many other natural
physical networks, such as the protein network underlying embryo
development'”’, also undergo learning (Supplementary Fig. 2). Asalient
feature of ‘physical network learning’ is that it is generally decentral-
ized in the sense that the update rules are informed by local informa-
tion, which stands in contrast to the global update rules used in the
training of neural network models*", Crucially, when used for the
design of metamaterial networks, physicalimplementations of learn-
ing are expected to lead to the emergence of irregular edge and node
parameters™. Indeed, theiirregularity itselfis the key to the solution of
theinverse problem of creating a desired response to a perturbation',
Such problems have often been considered for static properties, but
learning dynamical responses is a current frontier in metamaterials
research™*. Learning in irregular metamaterial networks can not only

determine how the same set of building blocks (with the proportion between
different block types fixed) is arranged. e,f, 3D-printed metamaterial realizations
of the model for designs with 2D square (panel ) and 3D cubic (panel f) building
blocks. Panel e, image courtesy of Chelsea Fox. Panel freprinted with permission
fromref.102, AAAS.
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Box 2 | Graph neural networks for metamaterial design

To understand how graph neural networks (GNNs)
can be used in metamaterial design, we first review
how convolutional neural networks (CNNs) process
information in image classification'°. CNNs construct
a latent representation of an image (see the figure,
panel a) by training a filter that takes a spatially
weighted average of the red, green and blue (RGB)
pixel values (see the figure, panel b). In this example,
the filter is applied to the top left group of pixels
(dashed box) and translated vertically and horizontally b
across the image to obtain the latent representation

(blue grid), which is stored as a column vector

(column of blue squares). This can be equivalently
formulated as a message-passing operation on a

regular lattice graph, whereby each node is a pixel

and the (non-zero) filter weights are edges (see

the figure, panel ¢). The underlying operation can

be interpreted as a coarse-graining that extracts

relevant local descriptors'™*°, CNNs assume a fixed c
input size (proportional to the number of pixels) and
aregular interaction structure (the lattice graph).

Thus, they are generally designed for the analysis

of continuum systems'"? — in which information

between nodes is shared locally in space (such as

image classification)™ or time (for example, speech
processing)'*°. GNNs adapt the message passing
operation of CNNs to systems of varying input size and irregular
connectivity'' as required for irregular metamaterial networks.

In GNNs, message passing consists of applying a message
function, an aggregation operator and an update function throughout
all edges of the neural network. The message function generates
an output from attributes associated with an edge and the nodes it
connects. The aggregation function combines the output messages
generated from all edges incident on a node. The update function
performs the update of the node representation using the aggregated
message output. After a specified number of iterations, the node
representations are fed into a readout layer, which maps them to the
desired prediction, such as global stiffness or localized failure.

Learning in GNNs involves training the weights in the message
function, update function and readout layer'®’. Material data can
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be interpreted as a network, which is generally irregular. Using
polydisperse granular media as an example (see the figure, panel d),
the grains are nodes and their contacts are edges in this network (see
the figure, panel e). The nodes can have multiple degrees of freedom,
such as particle positions (x, y) and radii (s), which are incorporated
into the network representation. Message passing is implemented

on the whole network structure (see the figure, panel f) and the node
representation (column of blue squares) evolves according to the state
of its neighbours in the graph. Crucially, both the aggregation function
and the readout layer are equivariant with respect to their inputs,
meaning that they accept an arbitrary number of arguments and are
invariant to argument permutations. This property enables the same
GNN to be trained on networks of different sizes. Such variation in size
is common in irregular metamaterial networks.

Panel a, credit: Moment/Anastasiia Voloshko/Getty. Panels b-f, image courtesy of Efe Gokmen.

facilitate the design of metamaterials with exceptional properties but
also offer new platforms for hardware implementations of machine
learning and artificial intelligence systems">'>¢,

Scalability of manufacturing approaches
State-of-the-art and emerging approaches

The fabrication of metamaterials has traditionally relied on additive
manufacturing (AM), which offers exceptional design freedom for
creating architectures with abroad range of geometric complexity™.
Commercial AM techniques have enabled the realization of large-scale
periodic metamaterials in diverse material systems: polymers through
stereolithography™® or fusion-based techniques™, ceramics through

binderjetting or directink writing'*°, and metals through laser powder

bed fusion'. These methods have become standard in the field owing
to their reliability and scalability for macro-structured designs.
However, many of the most impactful metamaterial function-
alities — particularly in optics, electronics and mechanics — require
architectures with nanoscale or sub-micrometre features. Optical
and electronic metamaterials often exploit unit-cell dimensions of
the order of the wavelength of light to achieve tailored electromag-
netic responses'*. Similarly, mechanical metamaterials can harness
nanoscale architectural features to enable ceramic constituents to
approachtheir theoretical strength by suppressing flaw sensitivity and
crack propagation'®, These functionalities motivate the development
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Fig. 6 | Neural networks for metamaterial analysis
and design. a, Prediction of force chains injammed
packings of grains using a graph neural network (GNN;
bottom centre) trained on material behaviour derived
from finite-element simulations'.. In all panels, yellow
arrows denote (computationally expensive) simulation
of material behaviour to extract the relevant properties.
These properties form the supervisory signal for GNN
training (orange arrows), which yields amodel that
can be used to design metamaterials by efficiently
mapping material microstructure to macroscopic
properties (purple arrows). b, Graph representation of
shell metamaterials used to train GNN-based structure—
property models'”. ¢, Variational autoencoder
framework to design truss-based metamaterials with
tailored nonlinear behaviours trained on network
topology and geometry'”. Panelaadapted fromref. 121,
CCBY 4.0.Panel badapted fromref.123, CCBY 4.0.
Panel c adapted fromref. 119, CC BY 4.0.
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of manufacturing strategies that produce macroscale samples from
components of nanoscale resolution.

At present, two-photon polymerization direct laser writing
(2pp-DLW) offers the highest spatial resolution available*, and
although historically confined to photosensitive polymers, its appli-
cability has been expanded by advances in material conversion strate-
gies. Techniques suchas atomiclayer deposition, pyrolysis, electroless
deposition, electrodeposition and ioninfiltration followed by thermal
processing have enabled the transformation of printed polymer scaf-

folds into ceramics'?, metals'*, composites™® and even glasses'"".

These methods have produced metamaterials with record-breaking
strength-to-weight ratios® and new optical properties

To overcome the inherent limitations of 2pp-DLW in terms of
scalability, several promising developments have emerged. Projec-
tion microscale lithography enables faster fabrication of complex
, whereas new wide-area

147

polymeric lattices over larger volumes™®

parallel direct laser writing systems are pushing the boundaries of
high-throughput nanoscale printing. Techniques that can fabricate
structural components at the metre scale generally have resolutions
of the order of several millimetres to centimetres (for example, cold
spray and wire-arc AM), whereas processes that enable architectural
features at the sub-microscale (such as 2pp-DLW) are generally limited
to sample sizes of a few millimetres (at least along two directions).
Ultimately, all AM technologies inherently couple resolution and sam-
plesize, necessitating the development of new approaches based on
self-assembly of the metamaterial from precursor components (Fig. 7).

Self-assembly approaches to enhance scalability

A fundamentally different emerging route to scalable metamaterial
manufacturingleverages self-assembly followed by material conversion
(Fig. 7). For example, phase separation in bi-continuous interfacially
jammed emulsion gels (bijels) and block copolymers has been used
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Fig. 7| Inverse relationship between scale and resolution across fabrication
techniques. a-n, Additive manufacturing (AM) technologies (blue dots)

and self-assembly processes (red dots) can be used to fabricate periodic and
disordered metamaterials of various constituent classes, including metals,
ceramics, polymers and composites. The vertical axes indicate the maximal size
of samples created by the technique, and the horizontal axis indicates the size

of the smallest architectural feature in the material. The examples shown here
area carbon spinodal nanolattice'* (panel a), carbon-nickel interpenetrating
phase nanocomposite'*® (panel b), ceramic woodpile structure'*’ (panel c),
polymericinterpenetrating phase composite™° (panel d), medium entropy
alloy gyroid metamaterial”* (panel e), 2D array of aluminium heat sink fins'”
(panel f), aluminium architected structure'® (panel g), polymeric polycatenated
architected material*® (panel h), metallic microlattice"”’ (panel i), multiscale
metallic metamaterial”® (panel j), metallic nanolattice'* (panel k), hierarchical
gold spinodal nanostructure'”’ (panel l), graphene spinodal shell metamaterial
fromabijel (bi-continuous interfacially jammed emulsion gel)'*’ (panel m) and a
ceramicinverse opal structure'® (panel n). The state-of-the-art methods used to

produce these materials include two-photon polymerization direct laser writing
(2pp-DLW), projection micro-stereolithography (P-uSL), direct ink writing
(DIW), stereolithography (SLA), digital light processing (DLP), laser powder
bed fusion (LPBF), cold spray (CS) and wire arc AM (WAAM). Self-assembly
methods such asinverse opal, bijel and dealloying represent one path towards
scalable manufacturing while retaining the ability to fabricate sub-micrometre
architectural features. Panel a reprinted with permission from ref. 143, Wiley.
Panel b adapted with permission from ref. 146, AAAS. Panel c reprinted from
ref.140, CC BY 4.0. Panel d reprinted with permission from ref. 150, Elsevier.
Panel e reprinted with permission from ref. 174, AAAS. Panel freprinted with
permission fromref. 175, Elsevier. Panel g reprinted with permission fromref. 176,
Elsevier. Panel h reprinted with permission from ref. 138, AAAS. Panelireprinted
fromref.177, Springer Nature Limited. Panel j reprinted from ref. 178, Springer
Nature Limited. Panel k reprinted from ref. 145, CC BY 4.0. Panel I reprinted with
permission fromref.179, AAAS. Panel m reprinted with permission from ref. 149,
RSC. Panel nreprinted with permission fromref. 180, Proceedings of the National
Academy of Sciences USA.
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to template ceramic shell lattices with spinodal topologies, which are
irregular yet structurally robust architectures'*’. Pushing these tech-
nologies to larger scales and improving the ability to tune the degree
of topological disorder are frontier areas of research.

Cutting-edge self-assembly techniques can yield structures with
sub-micrometre wall thicknesses and sizes that extend to the centi-
metre or even metre scale (Fig. 7). Despite being initially viewed as a
drawback, the irregularity inherent to self-assembled structures has
since been recognized as advantageous, particularly in mechanical
applicationsinwhichit promotes failure delocalization and enhanced
energy absorption under dynamic loading™°.

As new disordered metamaterial architectures begin to emerge
from network theory-driven design paradigms —whether truss based,
shell based or particle based — they bring with them distinct chal-
lenges and opportunities for fabrication. One key challenge is to gen-
erate architectures with a highly tunable, application-specific type
and degree of disorder. For structures in which control needs to be
extended all the way down to nanometre scales, a particularly compel-
lingresearchdirectionliesin tailoring the thermodynamics and kinet-
ics of self-assembly processes. At macroscopiclengthscales, traditional
techniques based on AM will remain distinctively capable for realizing
disordered structures with exquisite control. New hybrid approaches
could combine structuring by self-assembly at the smallest scales with
AM at larger scales to exploit the advantages of each technique.

Challenges and opportunities

Irregular metamaterials have a larger parameter space than regular
ones. Because regular is a limiting case of irregular, the optimum of a
material property in the irregular case is at least as good as, but often
superior to, that achievable in regular designs. The key challenge in
exploringirregular designsisto circumvent the combinatorial explo-
sion of the search space typical of such problems. Regular metamateri-
alsarebuilt fromrepetitive structures, often requiring the specification
of only a single unit cell, whereas irregular metamaterials require the
specification of macroscopic portions — or even the entirety — of the
system. The macroscopic portions can be naturally represented as
anetwork. Adopting a network perspective has enabled the design
of materials with unusual properties such as solid-like and fluid-like
behaviour in the same material™®, tunable isotropic negative Pois-
son’sratio™ and enhanced resistance to damage®° (Fig. 8). In the first
example, the initial structure derives from a crystalline network, but
dynamical relaxation of the (polycatenated) units introduces irregu-
larity (Fig. 8a). The second example conceives the material as a truss
network of stiff struts with flexible nodes and minimizes the Poisson’s
ratio by tuning the geometric locations of the nodes (Fig. 8b). The last
example demonstrates the distinct damage tolerance of spinodal shells
as they avoid stress concentration (Fig. 8c), in which networks can be
used both to skeletonize the shell and to describe the percolation of
force chains through the material.

Leveraging a network representation is advantageous first and
foremost because, all else being equal, the structure (that is, the net-
work) determines function. Because networks provide a faithful rep-
resentation of structure, they can facilitate the design, optimization
and analysis of metamaterials with desirable properties.

Forward problems

A common goal in metamaterials is to characterize the material
properties using structural descriptors. Metamaterials exhibit
nonadditive, emergent properties that arise from the interactions

between building blocks. Because additive descriptors — such as
Minkowski functionals — cannot account for correlations, there is a
need for holistic descriptors that account for the properties of the
material at all scales. Holistic descriptors based on suitable network
representations can characterize system-wide patterns arising as the
design parameters of the material are varied. Such descriptors could
facilitate, for example, optimization of the stiffness and toughness
of metamaterials without increasing their weight — both desired
properties for aerospace applications — by exploring the ensemble
of possible irregular configurations. Network descriptors can also
assist dimensionality reduction without discarding key information
about the interactions and correlations that ultimately govern the
macroscopic behaviour of a metamaterial. For example, material
rigidity can be characterized via the spatial inversion symmetry™?,
as well as via an eigenvalue of a dynamical matrix™* — nonadditive
descriptors representing the underlying network — circumventing
the more involved calculation based on Maxwell constraint count
(and the associated determination of the null spaces of the compat-
ibility and equilibrium matrices*). Once such a network descriptor
has been identified, its application to the material properties con-
stitutes a forward problem™, in which predictions follow from the
specified system.

Inverse-forward hybrid problems

Network modelling is well suited to the prediction of material behav-
iour or properties using a simplified representation rather than the
complete physical description. Such simplified representations enable
the integration of property prediction (forward problem) with the
efficient search of material designs with desired properties (inverse
problem). For example, the stress concentration that leads to mate-
rial failure canbe mappedto the problem of identifying communities
of densely connected nodes that are sparsely connected with each
other in the underlying network — a network concept previously
applied to characterize material structure™*. Such communities can
be identified using community detection algorithms that partition
networks based on edge betweenness centrality, which have been
developed for arbitrary networks'. Edge betweenness centrality is
the fraction of the number of shortest paths between pairs of nodes
in the network that pass through a given edge, and is thus a meas-
ure of the edge’s importance in connecting different parts of the
network. Communities are revealed by sequentially removing the
edges with the largest betweenness centrality, recalculating the
betweenness after each removal®. A similar calculation can predict
the sequence of bond breaking (and thus the most critical network
components) when a metamaterial network is loaded™. This is the
case because, in a material network, the edges between communities
are expected to concentrate stress. In addition to its computational
advantages, this modelling approach illuminates the relationship
between a material’s internal structural organization and its failure
pathway — insight that is not immediate from direct finite-element
simulations.

Analogous network-based surrogate prediction approaches have
achieved remarkable success in biomedical™* and sociotechnological™’
systems. A promising frontier in irregular metamaterials research
is thus to develop such approaches to enable accurate predictions
without recourse to exhaustive direct (for example, finite-element or
molecular dynamics) simulations, which canbe impractical, asis often
the case when the deformations of a material are large, the structural
topology is dynamic and friction is non-negligible.
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Fig. 8 |Irregular metamaterials whose unusual properties are governed

by their underlying network. a, Polycatenated metamaterials (left images)
exhibiting both solid-like and fluid-like behaviour under shear (top right image
and left plot), as well as shear thinning and shear thickening under torsion
(bottom right image and right plot)"*®. b, Truss metamaterial (left image) with
athree-dimensional isotropic negative Poisson’s ratio, which can be tuned by
adjusting the locations of the truss intersections to decrease the ratio of the bulk
and shear moduli (right plot, red shade)™". ¢, A two-phase composite spinodal
shell metamaterial (leftimage) with increased energy absorption and damage
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resistance compared with an octet lattice (middle image) and a Schwarz-
Primitive shell (rightimage). The enhanced properties can be seen through the
reduction of material failure (red circles) at 30% strain (right plot, dashed line)
and the extended stress-strain plateau (right plot, colour coded by the material
image outlines)™°. The irregularity in the materials in panels b and cis designed,
whereasin panel a, the irregularity isinduced by gravitational relaxation. Panel a
adapted with permission fromref. 138, AAAS. Panel b adapted with permission
fromref.151, CC BY 4.0. Panel c adapted from ref. 150, Elsevier.

Inverse problems

The overarching goalinexploringalarger space of metamaterial struc-
tures isto design materials with desired properties and responses, includ-
ing unprecedented ones. Network representations are distinctively

suited to serve as a bridge to the incorporation of data and/or simu-
lations into machine learning models based on GNNs. Such models
yield amapping from network structure to material properties, which
can be inverted to obtain network structures that achieve the desired
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properties. Having a network as an output is advantageous because
the network abstraction is sufficiently flexible to incorporate a wide
range of material structures of varying size and even composition when
training the GNNs on different samples. GNN training involves recursive
message passing on the underlying network: the learned message func-
tions encode how local interactions are aggregated and propagated
across network neighbourhoods so that local structural behaviour can
influence properties across the entire material*®"*°, GNNs can naturally
leverage network structure in the optimization of properties, such as
fracture toughness, that are otherwise hard to calculate.

Synergies enabled by irregular networks

Theadvantages of irregular over regular metamaterials —and of repre-
sentingirregular materials as networks — canbe further appreciated by
considering the effectiveness of artificial neural networks in machine
learning. As in the case of neural networks, irregularity in materials
expands the parameter space, enabling the representation of awider
range of possible behaviours. In both cases, optimization results in
parameters that are irregular but not random. This is where another
crucial advantage of the network representation (and its combination
with GNNs) arises: it transformsirregular datainto structured data that
preserve correlations and suppressirrelevant variations, thereby facili-
tating interpretability, dimensionality reduction and generalization.
This power canlead to advances on multiple fronts.

The expanded design space inherent to irregular metamaterial
networks canlead to advances on multiple fronts, including multifunc-
tionality, programmability, performance with robustness, multistabil-
ity, inelastic behaviours and extreme or unprecedented properties.
In particular, the resulting increased number of control inputs opens
the possibility of systematically encoding multiple disparate or
competing’ properties within the same material. By the same princi-
ple, irregular metamaterial networks enable the programming'*® and
reprogramming'® of distinct responses to specific external stimuli, thus
creating opportunities for dynamically tunable, modulable, reconfig-
urable and adaptive metamaterials. A major goalis torealize desirable
functional properties in combination with robustness to ageing and
failure’>'®>. The structure—property mapping of irregular metamaterial
networks supports the simultaneous pursuit of both functional perfor-
mance and robustness. Metamaterials based onirregular networks can
be designed to exhibit multiple stable states with target properties,
whichinturncanleadto distinct nonlinear inelastic responses —such
as negative compressibility transitions'’® — that are absent in mon-
ostable systems. Ultimately, an enlarged property space produces a
structure-property mapping thatis more complex, higher dimensional
and harder to explore but also richer in potential functionalities'**.

It is thus clear that irregular network-based designs are advanta-
geous not only for enhancing specific functions, such as energy dissipa-
tion, butalsoforimproving robustness againstlocalized failures. Broader
exploitation of irregular metamaterial networks holds the potential to
advance emerging areas, including topological, transduction, neuro-
morphic, active, biocompatible, microfluidic, space-time and quantum
metamaterials, amongothers. At the same time, challenges such as man-
aging the combinatorial explosion of parameters, trainingmachine learn-
ingmodels with limited dataand developing theory-guided approaches
all highlight the value of a network-theoretic formulation.

Final remarks
Ametamaterial network comprises topology, geometry and the proper-
ties of the network components, which are generally interdependent.

Forexample, specific topological features emerge as a consequence of
the spatially embedded nature of these networks, as illustrated in our
geometric extension of the Erd6s-Rényi model and observedinempirical
physical networks'®'*, This property of physical networks transcends
metamaterials and architected materials'’, as exemplified by the sug-
gestion that the network organization of the humanbrainitself might be
strongly influenced by geometric constraints'*®'’, Previous research has
showntheimportance of network concepts in designing new metamate-
rialbehaviour'®, inmodelling coordinated motion of connected material
parts® and hierarchical structural organization’, and in characterizing
theimpact of geometric structure?®. The field is now primed to develop
acomprehensive network theory for systematically studying the space
of irregular metamaterials with unprecedented properties.
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