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ARTICLE INFO ABSTRACT

Keywords: Shape memory polymers (SMPs) are advanced materials capable of recovering their original configuration in
Shape memory polymers (SMPs) response to external stimuli such as heat, light, and electric or magnetic fields. These properties demonstrate
Thermo-mechanical testing their potential in applications like deployable morphing structures in aerospace, vessel embolization, and

Three-phase model
Phenomenological model
Crystallization

flexible tools for minimally invasive surgical procedures in medicine. SMPs exhibit complex behaviors,
including shape recovery, stress relaxation, and phase transitions (e.g., from rubbery to glassy states), which
are challenging to capture through experimental methods alone. Numerical models provide an effective means
to analyze these behaviors under various multiphysics conditions, facilitating the systematic exploration of
material properties to optimize performance across applications. However, existing models typically focus on
behavior before the crystalline phase, leaving a gap in understanding its performance in the crystalline phase,
where thermo-mechanical properties may change at temperatures lower than those in the glassy state. In this
study, we investigate SMP response over a broad temperature range and propose a new phenomenological
three-phase model that accounts for interactions among the rubbery, glassy, and crystalline phases under
one-dimensional uniaxial loading conditions. Isothermal tests examine the stress-strain behavior at fixed
temperatures, while thermo-mechanical tests are used to investigate phase transitions. The numerical model,
developed from experimental data, demonstrates the potential to accurately predict SMP behavior across a
wide temperature range. This study lays the groundwork for applying the proposed model to multi-phase
systems, enabling the prediction of SMP behavior under varying thermo-mechanical conditions.

1. Introduction devices, soft robotics, aerospace engineering, shape memory arrays, and
4D printing (Xia et al., 2021; Shojaei et al., 2022). For example, SMP
Shape memory polymers (SMPs) are smart materials that revert to sutures were prototyped for wound closure in response to thermal stim-

a permanent configuration from a previously fixed temporary shape
upon exposure to an external stimulus (Ge et al.,, 2016). SMPs are
capable of undergoing large deformations and exhibit tunable me-
chanical properties, which are influenced by the methods used during
synthesis. Specifically, the transition temperature can be controlled by
adjusting the degree of crosslinking (Xiao et al., 2015; Liu et al., 2002;
Risso et al., 2024). Various external stimuli, including heat, electricity,

uli (Lendlein and Langer, 2002), and SMP-based embolization devices
were developed for the treatment of saccular aneurysms (Boyle et al.,
2016). In aerospace engineering, SMP composites were explored for
deployable and morphing structures (Wei et al., 2015; Al Azzawi et al.,
2019).

Various numerical models for SMPs have been developed to accu-

light, magnetism, moisture, and changes in pH, can induce macro- rately predict their behavior under diverse conditions, as the scope of
scopic deformation in SMPs (Leng et al., 2011). Depending on their SMP application continues to expand (Yan and Li, 2022). A modified
intended function, SMPs can be manufactured as one-way, two-way, or standard linear viscoelastic model has been proposed, with temperature
multi-way systems (Wang et al., 2019; Zeng et al., 2021). -dependent coefficients for the model elements (Tobushi et al., 2001). A

Due to their ability to respond to external stimuli, SMPs hold signifi- viscoelastic rheological model was constructed using the Prony series

cant potential across a wide range of applications, including biomedical
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and the time-temperature superposition principle to predict the self-
folding behavior of SMPs (Mailen et al., 2015). A phase transition
framework was employed to develop a viscoelastic SMP model con-
sisting of active and frozen phases, with the volume fraction of these
phases being temperature-dependent (Liu et al., 2006). A viscoelastic
hard segment was serially connected to the hyperelastic soft segments
of active and frozen phases to model shape memory polyurethanes (Kim
et al., 2010). Additionally, multiplicative decomposition of the defor-
mation gradient was incorporated into the glassy and rubbery phase
framework to develop a three-dimensional SMP model (Park et al.,
2016). In this model, the glassy phase includes viscoelastic, viscoplas-
tic, and shape memory strain components, while the rubbery phase
consists solely of viscoelastic components.

Numerical models for SMPs have been developed for the temper-
ature range prior to the onset of the crystalline phase. The phase
transition framework primarily focuses on the responses of the glassy
and rubbery phases, without accounting for the crystalline state. While
a temperature-dependent modulus of elasticity in the glass transition
region was defined, the modulus was treated as a constant below this
region (Tobushi et al., 2001). In fact, it has been demonstrated that the
cooling process of an elongated SMP increases stress at temperatures
below the crystallization onset (Posada-Murcia et al., 2022). The transi-
tional state is not solely defined by temperature; rather, it represents an
intermediate structure formed by polymer chains during the transition
from the amorphous to the crystalline state. It is essential to account
for the crystalline state in order to predict the behavior of SMP across
a wide temperature range.

In this paper, we examine the response of SMPs over a wide tem-
perature range, including the crystalline state, and propose a phe-
nomenological three-phase model to describe SMP behavior across
this range, extending below the onset temperature of the crystalline
phase, under one-dimensional uniaxial loading conditions. The phase
transition framework is briefly explained, and the crystalline phase is
introduced to complete the three-phase model. Experiments, including
SMP manufacturing setup, isothermal tests, and thermo-mechanical
tests, are conducted. Numerical analyses are performed to develop the
SMP numerical model.

2. Two-phase shape memory model

The phenomenological two-phase model was developed by Park
et al. (2016) and is composed of rubbery and glassy phases, which
provide a phenomenological description of shape memory polymer
(SMP) behavior, as shown in the schematic diagram within the dashed
blue box in Figs. 1(a) and (b). Each phase consists of several elements
that describe the response at low and high temperatures, as shown in
Fig. 1(b). Utilizing the iso-strain feature of the two-phase model, the
total deformation gradient F can be multiplicatively decomposed into
the elastic, viscoelastic, and other deformation gradients expressed as

F=F,=F .F )
=F =F¢.F’.F".F*
=F, =F; -F, -F.F,, 2

where the subscripts r and g denote the rubbery and glassy phases,
respectively. The superscript e, v, p, and s represent the hyperelastic
spring, the viscoelastic component comprising a spring and Newtonian
fluid dashpot, the viscoplastic component, and the shape memory
strain element, respectively. For example, F¢ denotes the deformation
gradient of the hyperelastic spring in the rubbery phase. Each phase
in the SMP model has a volume fraction that varies as a function of
temperature, with the sum of the fractions equal to unity, expressed as
& +&, = 1, where ¢, and &, represent the rubbery and glassy volume
fractions, respectively. The volume fraction at a temperature T can be
determined through a relaxation test (Park et al., 2016) expressed as
P P(T;)

=— M | e-1-¢, 3
& P(T) =P (1)) I & 3)
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where P represents the nominal stress, and a temperature T is within
the range of T, < T < T,, where 7, and T, represent the glassy
and rubbery phase temperatures, respectively. Regression analysis is
performed on the experimental data to derive the function for the
volume fraction, written as (Park et al., 2016)

1 1< gg,
_Js0 0 0 _ a _
e = 51: 0< '}:g <1, where 51: T l+exp(b(T-Ty)) d, “
0 52 <0,

where a, b, T;, and d are the coefficients for the volume fraction formu-
lation. The stress of the SMP model is assumed to be the superposition
of the stresses in each phase, weighted by their respective volume
fraction, as expressed by ¢ = ¢, (T)o, + &, (T)o,, where T denotes
the temperature. By applying the assumptions of superposed stress and
volume unity, the volume fraction of each phase can be expressed as a
function of temperature, as detailed in the literature (Park et al., 2016).

The hyperelasticity part is modeled as a nearly incompressible
Mooney-Rivlin material, with the first-order strain energy function W
expressed as

W(I‘,ﬁ,J):cm (I-3)+Cy (ﬁ—3)+%k(1—1)2, )

where T and I7 are the first and second invariants of the tensor C =
FT - F, respectively, and where F = J~3F and J = det (F). The symbols
C,o and C, represent the material constants, and « is the bulk modulus.
The viscoplastic part is modeled using the Perzyna model written as

. 1 af

F=—=(f)5—. ©
8 ”g oo g

where ﬂg is a viscosity coefficient, and f is a yield function defined as

f (O'g, o (1) = ‘/Gge" : age" - {cry + EP (a? (t))z} , 2]

where 69V, ¢¥, EP, and o are the deviatoric stress, yield strength,
hardening modulus, and equivalent viscoplastic strain of the glassy
phase, respectively. By substituting Eqs. (1) to (7) into the Clausius—
Duhem inequality (Holzapfel, 2002), the constitutive equations for each
phase are derived (Park et al., 2016). In particular, the constitutive
equations for the one-dimensional (1D) rubbery phase are written as

A=A, =22, (8
v 3 1 dif 1 e e e v v v
He {2 (’lr) + (”4,)3 & 2 {h (’lr’clo.r’cm.r) —h (Ar’clo.r’col.r> }’
(C)]
h(4,Cyg, Cop) =2Cy (A2 = 271) +2Cy; (A-477), (10)
o, =h(1.C,. 1, ). an

where 4, is the viscosity coefficient, A is the stretch of the shape
memory, C;, and Cy,; are the coefficients associated with the Mooney—
Rivlin hyperelasticity, and o, is the Cauchy stress of the rubbery phase,
determined by Mooney-Rivlin hyperelasticity.

The constitutive equations of the glassy phase are expressed as

— _ e 0 3pgS
A=Ay = QAL RS, a2
v _ 1 e e e
Hg 2(’%) + N [d T2 {h('lfc'o’g’c()'vg)
(%)

—h (/1;, Clh o cgl’g) } , 13)

o .
= - (f)sign (o). as

t4

f=o,={e"+ @)},

oe = (45 Ch0p G ) as)
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Fig. 1. Schematic of the proposed three-phase model: (a) Overview of the rubbery, glassy, and crystalline phases in parallel for the phenomenological description of SMP behavior;
(b) Component elements of each phase. Specifically, in the crystalline phase, the thermal elasticity component is defined using the crystalline stiffness E,, as expressed in Egs.
(19) and (20). An example of the time-varying E, with temperature is shown: (c¢) Time-varying temperature conditions; and (d) Corresponding E..
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where a and f are parameters associated with shape memory strains,
and o, is the Cauchy stress of the glassy phase. Although the two-phase
formulation is not intended to suggest thermodynamic coexistence of
distinct phases, it is employed as a phenomenological approach to cap-
ture the gradual changes in mechanical properties during temperature
variation (Chen and Lagoudas, 2008; Tobushi et al., 1997). The term
glassy phase is used in a phenomenological sense to represent the regime
exhibiting viscoplastic behavior and shape memory strain, and does
not indicate a full transition to the glassy state defined by the glass
transition temperature (Tg) (Risso et al., 2024).

Melting and crystallization temperatures are typically determined
using differential scanning calorimetry (DSC), with each temperature
corresponding to the peak amplitude in the thermal response. In the
two-phase model, the melting temperature is commonly regarded as

the onset temperature of the rubbery phase, while the crystallization
temperature is considered the onset temperature of the glassy phase.
The temperature range between these two values corresponds to a
mixed phase of rubbery and glassy states. However, the two-phase
model can only predict the deformation of SMPs within the temperature
range before the crystalline phase. It is noted that crystallization can oc-
cur at room temperature; therefore, understanding the SMP crystalline
behavior at this temperature is crucial for real-world applications.

3. Three-phase constitutive model

A three-phase SMP model is proposed in this section. The response
of SMPs below the crystallization temperature has been examined
in the literature (Posada-Murcia et al., 2022); cooling of stretched,
chemically cross-linked polymers initiates the crystallization process,
leading to a decrease in stress under constant strain conditions. Once
the temperature drops below a certain threshold, the stress increases.
The increase in stress observed at low temperatures under constant
strain conditions is difficult to explain using the two-phase model.

A three-phase model is proposed to describe SMP behavior across
a wide temperature range by introducing a crystalline phase, which is
connected in parallel to the two-phase model, as shown in Fig. 1. The
phases are modeled as connected in parallel, corresponding to the up-
per bound in composite theory, as a phenomenological approximation
to capture the smooth transition in stiffness during the glass transition
under uniaxial loading conditions (Chen and Lagoudas, 2008; Tobushi
et al., 1997; Qi et al., 2008). The crystalline phase consists of a thermal
elastic spring, which is activated when the temperature drops below
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the crystallization threshold. The crystalline stiffness E, of the spring
is defined as a function of temperature T, growth rate k., the current
amount of crystallization (considering the difference between E, and
saturated stiffness E?), and the maximum saturation ratio y, expressed
as

dE,

3 = ke (-Ec+ YE?), 19
(r-1,) fT<T,

E = ( ) ) (20)
0 Otherwise,

where T, is the threshold temperature at which crystallization begins,
and ¢ is the coefficient with units of pressure per temperature. For
example, we impose the temperature condition, as shown in Fig. 1(c),
and set the crystallization temperature threshold to 22 °C. The crys-
talline phase begins at time 1 = 2 s. The crystalline stiffness E, is
calculated using Egs. (19) and (20). Here, y is set to unity, and ¢ is set to
—0.1222 MPa/°C. Then, Fig. 1(d) shows E, as a function of temperature,
increasing over time starting from 7 = 2 s, with different rates depend-
ing on k.. This formulation is supported by experimental observations
of stress evolution over time at constant temperature (Posada-Murcia
et al., 2022; Callister Jr. and Rethwisch, 2020). The time-dependent
behavior of the crystalline modulus serves as a phenomenological
representation of the evolving microstructure, such as increasing crys-
tallinity or reorganization, during isothermal crystallization, which
leads to observable changes in the overall mechanical response.

The thermal elastic spring part is modeled using linear elasticity,
and the constitutive equations for the crystalline phase are expressed
as

A=A, (21
6. =E. (4. —1), (22)

where 4, and o, represent the stretch and Cauchy stress of the crys-
talline phase, respectively, and the total stress applied to the SMP is
calculated as

6 =¢,0, + &0, + 0. (23)

4. Experiments on shape memory polymers (SMPs)
4.1. Manufacturing of shape memory polymer

Polycyclooctene (PCO) and dibenzoyl peroxide (DBzP) were dis-
solved in toluene (CqH5CHj3) to form an opaque solution, using 2.5 wt%
DBzP relative to PCO. The solution was initially dried using a rotary
evaporator (rotavap) at 50 °C for 2 h, followed by vacuum drying on
a Schlenk line for 48 h with a dry ice-acetone vapor trap. This process
yielded a white polymer chunk with a homogeneous mixture of PCO
and DBzP.

To fabricate dog-bone samples, the polymer chunks containing the
crosslinker were sliced into thin pieces with a thickness of approxi-
mately 1 mm. These slices were compressed into a mold and crosslinked
in a vacuum oven. For this step, a Teflon plate, with a thickness of
10 mm and an area of 170 x 75 mm?, engraved with the mold, was
fabricated using CNC machining. The polymer slices were placed into
the mold and heated in an oven at 60 °C without vacuum. During this
stage, the polymer melted and filled the mold, ensuring the absence of
air bubbles.

Following the initial melting step, the mold was tightly sealed with
a Teflon lid and secured using C-clamps. The temperature was then
increased to 91 °C, and the sample was cured under vacuum for 72 h.
Once the curing process was complete, the samples were cooled to room
temperature and carefully removed from the molds. A visual inspection
was conducted to check for air bubbles, ensuring that the mechanical
properties of the dog-bone samples were not compromised.

Mechanics of Materials 209 (2025) 105409

4.2. Differential scanning calorimetry (DCS) analysis of the crystallization
temperature

The melt transition (7,,) and crystallization (7,) temperatures as
a function of the crosslinker dibenzoyl peroxide (DBzP) loading were
previously reported by Risso et al. (2024). These temperatures were
determined using differential scanning calorimetry (DSC) analysis. For
the PCO SMP with 2.5 wt% DBzP, the T,, and T, were calculated from
regression data to be 49.7 °C and 22.8 °C, respectively.

4.3. Isothermal test at a constant temperature

Firstly, an isothermal cyclic loading test was conducted at a high
temperature of 65 °C to obtain the rubbery behavior of SMPs. The SMP
specimen was fabricated using the Dumbbell-shaped ISO 37 Type 4
geometry, with a thickness of 1 mm, and was gripped at both ends
in the dynamic mechanical analysis (DMA) machine, as shown in Fig.
A.2. The specimen was initially stretched to a displacement of 7.93 mm
at a loading rate of 85.34 mm/min, followed by a 1800 s hold for
stress relaxation. Unloading was performed by releasing the stress at
a rate of 15 N/min, and the recovery displacement was measured for
30 minutes. To ensure stable data collection, a preload of 10* N was
applied and maintained during the recovery measurement.

As a result, Fig. 2(a) shows the graph of engineering strain versus
time at a constant temperature of 65 °C. The strain increases rapidly
until the maximum displacement is reached, then decreases due to
stress relaxation until 2000 s. Upon unloading, the strain recovers to
nearly its original value. Fig. 2(b) shows the graph of nominal stress
versus time. The stress initially increases to 0.3 MPa, then decreases
due to stress relaxation.

Secondly, an isothermal cyclic loading test was performed at a
low temperature of 35 °C to obtain the glassy behavior of SMPs. The
specimen geometry is the same as shown in Fig. A.2 with a thickness
of 1 mm. The specimen was gripped at both ends and stretched to a
displacement of 8.43 mm at a loading rate of 0.125 mm/min, followed
by a 3600 s hold for stress relaxation. The specimen was unloaded at
a rate of 15 N/min, and the recovery displacement was measured for
30 minutes. To ensure stable data acquisition, a preload of 104 N was
applied throughout the recovery measurement.

As a result, Figs. 2(c) and (d) show the experimental results of the
SMP at a low temperature of 35 °C. Up to approximately 4000 s, the
strain increases linearly, and the nominal stress increases with plastic
deformation. During stress relaxation, the stress decreases over time.
After unloading, a permanent strain remains in the SMP.

The stress-strain curves at 65 °C and 35 °C are shown in Figs.
2(e) and (f), respectively; the simulation results will be discussed in
Section 5.1. At high temperatures, SMP exhibits characteristics typi-
cal of viscoelastic materials, where stress increases in a hyperelastic
manner, holding the strain induces stress relaxation, and unloading
facilitates recovery to the original configuration. At low temperatures,
SMP behaves as a viscoplastic material, where plastic deformation and
stress relaxation occur, and unloading results in permanent strain.

4.4. Volume fraction test

A stress relaxation test was conducted to estimate the volume
fraction. The specimen geometry is shown in Fig. A.2, with a thickness
of 1 mm. Initially, the specimen was stretched to approximately 80%
of its original length at a rate of 0.125 mm/min, while maintaining
a constant temperature of 35 °C. The specimen was then held for
stress relaxation for 3600 s. Next, the temperature was increased from
T, =35°Cto T, = 65 °C at a rate of 1 °C/min, while maintaining the
strain, and the stress evolution was measured. After the temperature
reached 65 °C, unloading was performed to terminate the experiment.
The stress evolution data was substituted into Eq. (3) to calculate the
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Fig. 2. Experimental results of SMP: (a) Strain versus time and (b) nominal stress versus time at 65 °C; the insets in (a) and (b) show the response from 0 to 10 s and 0 to 100
s, respectively, for clarity. (c) Strain versus time and (d) nominal stress versus time at 35 °C. (e, f) Nominal stress versus strain at 65 °C and 35 °C, respectively. The simulation

results will be discussed in Section 5.1.

glassy volume fraction, and the regression of the glassy volume fraction
was performed using Eq. (4).

As a result, Fig. 3(a) shows the graph of stress versus temperature
during stress evolution. With strain held constant, the stress decreases
as the temperature increases. Fig. 3(b) presents the graphs of glassy
volume fraction versus temperature, obtained from both the experiment
and regression. The corresponding coefficients from the regression are
summarized in Table 1. The rubbery volume fraction can be calculated
as ¢ =1-¢,.

4.5. Uniaxial thermo-mechanical testing across a wide temperature range

A uniaxial thermo-mechanical test was performed over a wide
temperature range to expose the SMPs to three distinct phases. For the
DMA analysis, the SMP specimen was fabricated with dimensions of
30x6x 1.5 mm?>. The specimen was initially stretched to approximately
80% of its original length at a constant temperature of 7;, = 65 °C, with
a displacement rate of 11.984 mm/min. The specimen was then cooled
to room temperature (20 °C) while maintaining the displacement. After
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Fig. 3. Volume fraction test: (a) Response of SMP under thermo-mechanical conditions, and (b) glassy volume fraction obtained from both experiment and regression.

Table 1
Coefficients for the glassy volume fraction formulation in Eq. (4).
a b (°C1) T, d
1.0710 0.3326 44.8155 0.0073
Table 2

Optimized coefficients for the three-phase model: rubbery, glassy, and crystalline
phases.

Rubbery Clox Corr CIDO,r Co r Hr

0.067 MPa 0.0695 MPa 0.128 MPa 0.127 MPa 0.101 GPas
C;’o, g Cgl, g Clvo, g Cgl, r He
1.5MPa 1.5 MPa 6.5MPa 6.5 MPa 0.7 GPa's
Glassy o’ E? He
2 MPa 18 MPa 16 GPa-s
a p
049 /s 0.929
. T k Y ¢
1L ¢ ¢
Crystalline 2. 2x107%/s 1 ~0.22 MPa/°C

cooling, the force was measured for 30 min while holding the displace-
ment. Next, unloading was carried out at a release rate of 15 N/min,
with the temperature maintained at 20 °C, and the displacement was
measured. After unloading, the recovery displacement was measured
for 300 s at 20 °C. Finally, the temperature was increased to 65 °C at
a rate of 20 °C/min, and the displacement change was measured.

As shown in Fig. 4, the response of SMP during the thermo-
mechanical test is presented; the simulation plot will be discussed in
Section 5.2. During the initial stress relaxation process up to 547 s, the
stress decreased to 0.1776 MPa. Subsequently, crystallization occurred
as the temperature remained below the crystallization threshold, and
the stress increased to 0.3907 MPa. The unloading process reduced
the stress to zero, while a permanent strain was formed. Following the
recovery process, the increase in temperature caused the SMP to return
to its original configuration.

5. Numerical analyses
5.1. Numerical model for the isothermal phase

Rubbery and glassy phase models are developed to describe the be-
havior of SMP at constant temperatures of 65 °C and 35 °C, respectively,
consistent with the experiments described in Section 4.3. The rubbery
phase model consists of hyperelastic and viscoelastic components. The
corresponding constitutive equations are provided in Egs. (8)-(10) and
involve four coefficients: Cfo,r’ C(‘;Lr, Cl”o,r, and C(‘)’Lr, related to hyper-
elasticity, and one viscosity coefficient yu,. The glassy phase numerical
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Fig. 4. Comparison of thermo-mechanical tests on SMP between experiment and
simulation: (a) Time-dependent temperature conditions, (b) strain versus time, and (c)
stress versus time.

model comprises a hyperelastic component with coefficients Cfo, g and
C(§1, g d viscoelastic component with coefficients Cfo, . C(;’L . and Hes
a viscoplastic component with coefficients ¢, E?, and yg, and a shape
memory strain component with coefficients « and f. The shape memory
strain component is not activated in the fully glassy phase. We apply
the same thermo-mechanical boundary conditions as those used in the
experimental tests in Section 4.3. The rubbery and glassy coefficients
activated in the isothermal simulation are optimized and summarized
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Time-step loop

e —

| Input material parameters

Update velocity to V(n+1/2)
I

Compute stress — Eq. (23)

I
| Input initial coordinates

Update displacement to un.1)

Compute internal force f(iﬂtﬂ)

I

Impose force boundary condition

I

Impose temperature condition

I

1

Update volume fraction

Update velocity to v(n+1)
I

| Input initial boundary values I_. | Impose displacement boundary condition

Update crystallization stiffness E¢

|
|
|
|
|
|

|
| |
| |
| Impose damping |
| |
| |

Update displacement to ug.1)

I

Update stretch of

Glassy
Rubbery @ A, N, A®
Crystalline : Ac

D Ag. Ag AS. AG. A§ — Egs. (8-11)
— Egs. (12-18)
— Eq. (21)

No

Time termination?

Yes

Fig. A.1. Flowchart of the algorithm for the three-phase model using Velocity-Verlet integration.

(Unit: mm)

(a)

Fig. A.2. Experiment setup: (a) Dumbbell-shaped ISO 37 Type 4 geometry of the shape memory polymer (SMP) specimen with a thickness of 1 mm and (b) the specimen gripped

in the dynamical mechanical analysis (DMA) machine.

in rows 1 through 6 of Table 2. The flowchart in Fig. A.1 is implemented
using MATLAB to simulate the proposed three-phase model.

As a result, Figs. 2(e) and (f) show the graphs of stress versus strain
for the rubbery and glassy phases, respectively, in comparison with the
experimental results. The simulation results are in good agreement with
the experimental data.

5.2. Numerical thermo-mechanical test

The thermo-mechanical test in Section 4.5 is numerically analyzed
using the proposed three-phase model, which includes the rubbery,
glassy, and crystalline phases, as shown in Fig. 1. The corresponding
constitutive equations are written in Egs. (8) to (23). As the tempera-
ture varies during the test, both the shape memory strain and thermal
elasticity might increase. The coefficients for shape memory strain («a
and pB) and the coefficients for the crystallization phase (k,, y, and
{) are set to the values summarized in rows 7 through 10 of Table
2. The experimental temperature conditions are filtered and applied
to simulations, as shown in Fig. 4(a). In this figure, each phase is
highlighted according to the corresponding temperature range.

As shown in Figs. 4(b) and (c), the SMP responses from the ex-
periment, existing model, and proposed model are presented. As the
specimen is stretched, both strain and nominal stress increase. During
stress relaxation, as the temperature decreases and is maintained at
a low level to keep the SMP in the crystalline phase, the stress ini-
tially relaxes and then increases after 547 s as the SMP transitions
into the crystalline phase. During unloading at low temperatures, the
stress decreases to zero while the strain is maintained. As temperature
increases, the deformed SMP almost recovers its original configuration;
interestingly, the strain does not fully return to zero, which is consistent
with the experimental data. As shown in Fig. 4(b), the original model,
which excludes the crystalline phase, results in constant stress during
stress relaxation at 20 °C. In contrast, the proposed model captures the
increase in stress during stress relaxation at low temperatures, which
aligns with the experimental data.

6. Conclusion
This study investigates the behavior of thermally activated shape

memory polymers (SMPs) across a wide temperature range, including
the rubbery, glassy, and crystalline regions, and proposes a three-phase
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Table A.3
Summary of model parameters and their corresponding optimization procedures.

Mechanics of Materials 209 (2025) 105409

Phase Component Parameter Physical meaning Optimization Data for RMSE RMSE calculation range
order within
phase
Cho, Mooney-Rivlin 1 Stress vs. strain at T}, Loading part
. coefficient
Hyperelastic G\, Mooney-Rivlin 2 Stress vs. strain at 7, Loading part
Rubbery ' coefficient
Cho, Mooney-Rivlin 3 Stress vs. strain at T}, Unloading part
coefficient
Viscoelastic c, Mooney-Rivlin 4 Stress vs. strain at T), Unloading part
coefficient
Uy Viscosity 5 Stress vs. strain at 7, Unloading part
Cloe Mooney-Rivlin 1 Stress vs. strain at 7; Loading and unloading part
Hyperelastic coefficient. ) ) - -
Core Mooney-Rivlin 2 Stress vs. strain at 7, Loading and unloading part
coefficient
Clog Mooney-Rivlin 3 Stress vs. strain at T} Loading and unloading part
. . coefficient
Viscoelastic c Mooney-Rivlin 4 Stress vs. strain at 7, Loading and unloading part
Glassy Le .
coefficient
Hy Viscosity 8 Stress vs. strain at 7, Loading and unloading part
Al Yield strength 5 Stress vs. strain at 7} Loading and unloading part
Viscoplastic Uy Viscosity 6 Stress vs. strain at T; Loading and unloading part
E? Hardening modulus 7 Stress vs. strain at T, Loading and unloading part
a Formation rate of shape 10 Force vs. time (thermo-mechanical From 0 to 1000 s
Shape memory strain memory strain test)
B Max fraction of total 9 Force vs. time (thermo-mechanical From 0 to 1000 s
strain test)
T, Crystallization Set by DSC Force vs. time (thermo-mechanical From 0 to 3177 s
temperature test)
v Maximum saturation Default Force vs. time (thermo-mechanical From 0 to 3177 s
Crystalline  Thermal elasticity ratio test)
¢ Slope of modulus 1 Force vs. time (thermo-mechanical From O to 3177 s
increase test)
k. Crystallization growth 2 Force vs. time (thermo-mechanical From 0 to 3177 s
rate test)

phenomenological model. SMP samples are fabricated using polycy-
clooctene (PCO) and dibenzoyl peroxide (DBzP). Isothermal tests are
conducted at both high and low temperatures to examine the behavior
of SMPs in the rubbery and glassy phases, respectively. At high tem-
peratures, SMP exhibits characteristics typical of viscoelastic materials,
where loading increases stress in a hyperelastic manner, holding the
strain induces stress relaxation, and unloading restores the material
to its original configuration. At low temperatures, the SMP behaves
like a viscoplastic material, where loading increases the stress, plastic
strain and stress relaxation occur, and unloading results in permanent
strain. Additionally, thermo-mechanical tests are conducted to assess
the SMP response across a broad temperature range. It is observed that
a temperature drop in the stretched state leads to permanent strain
once the load is removed. Upon subsequent temperature increases, the
SMP nearly recovers its original configuration. These isothermal and
thermo-mechanical tests are used to develop a numerical model for
SMPs. For numerical analysis, models of the rubbery and glassy phases
are developed to describe the results of the isothermal tests. The shape
memory strain component in the glassy phase and the thermal elasticity
in the crystalline phase are optimized based on the thermo-mechanical
test. As a result, the proposed three-phase model demonstrates the
potential to predict SMP behavior across a wide temperature range.
While the developed numerical model is based on experimental data,
further validation under a wide range of thermo-mechanical conditions
is essential. Future work will focus on applying the model to additional
experimental conditions to provide a more comprehensive validation
and enhance the predictive capabilities of models under varying tem-
peratures, strains, and loading scenarios. While the experiments are
performed at a fixed cooling rate, the numerical model is formulated to
accommodate variable thermal histories. Future studies incorporating

experimental data under different cooling rates would provide further
evaluation of the predictability of the model for crystallization kinetics.
The current model is formulated within a one-dimensional uniaxial
framework using scalar measures of deformation. Since frame rotation
does not occur in this configuration, the use of an objective stress rate is
not required (Simo and Hughes, 1998). However, for future extension
to general three-dimensional loading conditions, the incorporation of
objective stress rates, such as the upper-convected derivative, would
be essential to ensure frame invariance.
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Appendix. Supplementary information

A.1. Flowchart of the SMP

The three-phase model is implemented using the Velocity-Verlet
algorithm (Ercolessi, 1997). Fig. A.1 shows the flowchart of the im-
plemented code. Material parameters, initial coordinates, time-varying
boundary conditions are input, and the response of the SMP is sim-
ulated in the time-step loop. During the loop, the behaviors of the
rubbery, glassy, and crystalline phases are calculated and superposed
to determine the stress in the SMP.

A.2. Experiment setup
See Fig. A.2.
A.3. Parameter optimization procedure

A total of 19 parameters listed in Table 2 are optimized using a root
mean square error (RMSE) criterion, defined as

RMSE = (A1)

n
PIOENEIR

i=
where §(x;) and y (x;) represent the simulated and experimental re-
sults, respectively, measured at an internal variable x;, and » is the
number of measurements. The RMSE is calculated over different ranges
of x; for each parameter, reflecting the influence on the corresponding
phase response. Each parameter is assigned the value that minimizes
the RMSE. For example, in the case of the rubbery phase, we use the
experimental data of nominal stress versus engineering strain obtained
from isothermal uniaxial tests at high temperature, as described in
Section 4.3. Five parameters related to the rubbery phase are optimized
in the following order: CfO,r’Cgl,r’CfO,r’C(l))l,r’ u,. The parameters CfOr
and Cgl,r are optimized using the loading curve, while Ci)(),r’c(l)/l,r’
and p, are optimized based on the unloading curve. A summary of
the optimization process and the corresponding range of the RMSE
calculation for each parameter is presented in Table A.3.

Data availability

Data will be made available on request.
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